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PSEUDO-DIRAC STRUCTURES
DAVID LI-BLAND
Abstract. A Dirac structure is a Lagrangian subbundle of a Courant algebroid, L ⊂ E,
which is involutive with respect to the Courant bracket. In particular, L inherits the
structure of a Lie algebroid. In this paper, we introduce the more general notion of
a pseudo-Dirac structure: an arbitrary subbundle, W ⊂ E, together with a pseudo-
connection on its sections, satisfying a natural integrability condition. As a consequence
of the definition, W will be a Lie algebroid. Allowing non-isotropic subbundles of E
incorporates non-skew tensors and connections into Dirac geometry. Novel examples
of pseudo-Dirac structures arise in the context of quasi-Poisson geometry, Lie theory,
generalized Ka¨hler geometry, and Dirac Lie groups, among others. Despite their greater
generality, we show that pseudo-Dirac structures share many of the key features of Dirac
structures. In particular, they behave well under composition with Courant relations.
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1. Introduction
Dirac structures were first introduced by Courant and Weinstein [11] in their study of
constrained mechanical systems. They were further generalized in [37], and have since
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2 DAVID LI-BLAND
found applications in myriad settings, from generalized complex geometry [25], to the
theory of moment maps [8].
In their most basic form, Dirac structures encode a Hamiltonian structure on a manifold
M as a Lagrangian subbundle L ⊂ TM of the Pontryagin bundle TM = TM ⊕ T ∗M ,
satisfying some integrability condition. By Lagrangian, we mean that L = L⊥ with respect
to the natural symmetric pairing
〈(X,α), (Y, β)〉 = 〈α, Y 〉+ 〈β,X〉, (X,α), (Y, β) ∈ TM ⊕ T ∗M.
In particular, any two-form ω ∈ Ω2(M) corresponds to the Lagrangian subbundle
gr(ω[) :=
{(
X,ω(X, ·)) | X ∈ TM} ⊂ TM,
while any bivector field pi ∈ X2(M) corresponds to the Lagrangian subbundle
gr(pi]) :=
{(
pi(α, ·), α) | α ∈ T ∗M} ⊂ TM.
Arbitrary Lagrangian subbundles of TM interpolate between these two extremes.
Courant described a bracket, which is usually referred to as the Courant bracket in the
literature,1
(1.1) [[(X,α), (Y, β)]] =
(
[X,Y ],LXβ − ιY dα
)
on the space of sections Γ(TM). A Dirac structure is defined to be a Lagrangian subbundle
L ⊆ TM which is involutive with respect the Courant bracket. As examples, gr(ω[) is a
Dirac structure if and only if ω defines a presymplectic structure on M , while gr(pi]) is a
Dirac structure if and only if pi defines a Poisson structure on M .
In general, the Courant bracket (1.1) does not define a Lie bracket on the sections of
TM , since it fails to be skew symmetric. In order to obtain a Lie bracket from the Courant
bracket, Courant restricted the bracket to sections of Lagrangian subbundles L ⊆ TM ,
which ensures skew symmetry of the bracket. In this paper, we will take a different approach
to obtain a Lie bracket from the Courant bracket: we modify the Courant bracket itself.
We introduce the notion of a pseudo-Dirac structure in the Courant algebroid TM : a
subbundle
W ⊆ TM
together with a map
∇ : Ω0(M,W )→ Ω1(M,W ∗)
satisfying certain axioms, including
∇fσ = f∇σ + df ⊗ 〈σ, ·〉, σ ∈ Γ(W ),(1.2a)
d〈σ, τ〉 = 〈∇σ, τ〉+ 〈σ,∇τ〉, σ, τ ∈ Γ(W ).(1.2b)
1In fact, this bracket was introduced by Irene Dorfman in the context of two dimensional variational
problems [13]. Courant worked with its skew symmetrization instead.
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Since Eqs. 1.2 reduce to the definition of a metric connection when 〈·, ·〉|W is non-degenerate,
we call ∇ a pseudo-connection. Equation (1.2b) guarantees that the modification to the
Courant bracket, given by
(1.3) [σ, τ ] := [[σ, τ ]]− 〈∇σ, τ〉,
is skew symmetric. More importantly, in Theorem 4.1, we prove that Eq. (1.3) endows W
with the structure of a Lie algebroid. In particular, the sections of W form a Lie algebra.
Since pseudo-Dirac structures W ⊆ TM need not be Lagrangian subbundles, they are
able to encode more data than Dirac structures. As a simple example, which arises in the
context of generalized Ka¨hler geometry [24], suppose g ∈ S2(TM) is a pseudo-Riemannian
metric on M then
gr(ω[ + g[) :=
{(
X,ω(X, ·) + g(X, ·)) | X ∈ TM}
is never a Dirac structure, but it is a pseudo-Dirac structure with respect to the Levi-Civita
connection if and only if ω is closed. More generally, it is a pseudo-Dirac structure with
respect to a given metric connection, ∇, if and only if its torsion is 2dω (c.f. Example 3.8).
As a second example, suppose that g is a Lie algebra endowed with a non-degenerate
invariant quadratic form, and ρ : g×M →M is an action of g with coisotropic stabilizers;
that is, the stabilizer gm := ker
(
ρ(·,m)) of any point m ∈ M satisfies g⊥m ⊆ gm. Then
T ∗M ⊂ TM is a pseudo-Dirac structure for the pseudo-connection
∇α =
∑
i
ρ(ξi)dα
(
ρ(ξi)
)
, α ∈ Ω1(M),
where {ξi} ⊂ g and {ξi} ⊂ g are basis in duality. This scenario occurs, for instance, when
M = Lg is the variety of Lagrangian (or coisotropic) subalgebras of g, or when M = G/P
is a flag variety (here P is a parabolic subgroup of a semi-simple algebraic group, G).
Further examples of pseudo-Dirac structures include quasi-Poisson structures, action
Courant algebroids, and Lie algebroid structures on T ∗M .
One of the key aspects of Courant’s framework is the ability to impose constraints on
a Dirac structure. More precisely, he described a procedure to restrict2 a Dirac structure
L ⊆ TM to a submanifold S ⊆M ,
(1.4)
(
L ⊆ TM)→ (LS ⊆ TS),
where LS ⊆ TS is computed by the formula
(1.5) LS :=
L ∩ TS ⊕ T ∗M |S
L ∩ ann(TS) ⊆ TS.
Courant showed that Eq. (1.5) describes a Dirac structure (under some cleanness assump-
tions).
Proposition 4.7 states that subbundles of TM endowed with a pseudo-connection are
in one-to-one correspondence with Lagrangian subbundles of the Courant algebroid TTM
2Courant calls this procedure reduction in [9]. We refer to it as restriction (as is also done in [31],
for instance) or pull-back (as is done in [34], for instance) to distinguish it from more general reduction
procedures.
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which are linear with respect to the vector bundle structure on TM . Thus it is quite natural
to study them. Similarly, pseudo-Dirac structures in TM are in one-to-one correspondence
with (linear) Dirac structures in TTM .
As a consequence, it is easy to impose constraints on a pseudo-Dirac structure in TM :
Suppose that S ⊆ M is the constraint submanifold. Courant’s restriction procedure (1.4)
allows us to restrict Dirac structures in TTM to Dirac structure in TTS:
Dirac struc-
tures in TTM
Dirac struc-
tures in TTSCourant’s restriction
procedure (1.4)
Composing this restriction procedure with the equivalence between (linear) Dirac structures
in TTM and pseudo-Dirac structures in TM allows us to impose constraints on pseudo-
Dirac structures in TM :
pseudo-Dirac
structures in TM
(linear) Dirac
structures in TTM
pseudo-Dirac
structures in TS
(linear) Dirac
structures in TTSCourant’s restriction
procedure (1.4)
restriction proce-
dure for pseudo-
Dirac structures
In this way, pseudo-Dirac structures share the key features of Dirac structures, while
encoding a greater variety of structures. Moreover, we should remark that while in the
introduction we only described pseudo-Dirac structures in the standard Courant algebroid,
TM , in the bulk of the paper, we will describe pseudo-Dirac structures in arbitrary Courant
algebroids.
The structure of this paper is as follows. In Section 2 we recall some background material,
including the general definition of a Courant algebroid structure on a vector bundle, E→
M . In Section 3 we define pseudo-Dirac structures in E, and describe a number of examples.
In Section 4, we relate pseudo-Dirac structures in E with Dirac structures in TE. Finally,
in Section 5 we describe the behavior of pseudo-Dirac structures under composition with
Courant relations, and describe further examples.
1.1. Acknowledgements. D. Li-Bland would like to thank Eckhard Meinrenken for his
advice throughout this project, as well as Marco Gualtieri, Mathieu Stienon and Madeleine
Jotz for helpful conversations. D. Li-Bland was supported in part by a NSERC CGS-D
Grant as well as by NSF Award No. DMS-1204779.
2. Preliminaries
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2.1. Relations. A smooth relation S : M1 99K M2 between manifolds is an immersed
submanifold S ⊆M2×M1. The transpose relation S> : M2 99KM1 consists of all (m1,m2)
such that (m2,m1) ∈ R.
We will write
m1 ∼S m2,
if (m2,m1) ∈ S ⊆M2 ×M1, and for functions fi ∈ C∞(Mi), we will write
f1 ∼S f2
if f2 ⊕ (−f1) vanishes on S.
Example 2.1. The identity relation M∆ : M 99KM is given by the diagonal
M∆ := {(m,m) ∈M ×M | m ∈M}.
Given smooth relations S : M1 99KM2 and S′ : M2 99KM3, the set-theoretic composition
S′ ◦ S is the image of
(2.1) S′  S = (S′ × S) ∩ (M3 × (M2)∆ ×M1)
under projection to M3 ×M1. Here (M2)∆ ⊂M2 ×M2 denotes the diagonal.
2.1.1. VB-relations. If V1, V2 are two vector bundles over M1 and M2 respectively, then a
VB-relation R : V1 99K V2 is a subbundle R ⊆ V2 × V1 along a submanifold S ⊂M2 ×M1.
We define ker(R) ⊆ p∗M1V1, and ran(R) ⊆ p∗M2V2 to be the kernel and range of the bundle
map
R→ p∗M2V2, (v2, v1) 7→ v2
(where pMi : S →Mi, (m2,m1) 7→ mi). If σi ∈ Γ(Vi), then we write
σ1 ∼R σ2
whenever (σ2, σ1)|S ∈ Γ(R).
We define the VB-relation ann\(R) : V ∗1 99K V ∗2 by
ann\(R) = {(µ2,−µ1) | (µ2, µ1) ∈ ann(R)} ⊆ V ∗2 × V ∗1 .
We will frequently find the following Lemma useful.
Lemma 2.1 ([35]). For any relations R : V1 99K V2 and R′ : V2 99K V3, one has
ann\(R′ ◦R) = ann\(R′) ◦ ann\(R).
The proof can be found in [35].
Example 2.2. Let p : V →M be a vector bundle. Then the VB-relation
gr(+) : V × V 99K V
defined by
(v1, v2) ∼gr(+) v1 + v2,
whenever p(v1) = p(v2) is called the graph of addition. A (fibrewise) linear function f ∈
C∞(V ) satisfies
f ⊕ f ∼gr(+) f
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while a fibrewise constant function satisfies
f ⊕ 0 ∼gr(+) f.
2.2. Lie algebroids and Courant algebroids.
2.2.1. Lie algebroids. Lie algebroids, which are a common generalization of Lie algebras and
the tangent bundle, will be an important concept in this paper. We recall their definition
and basic properties, and refer the reader to [44, 43] for more comprehensive expositions.
Definition 2.1. A Lie algebroid is a vector bundle A → M together with a Lie bracket
[·, ·] on its space of sections Γ(A) and a bundle map a : A → TM called the anchor map
such that the following Leibniz identity is satisfied:
[σ, fτ ] = (a(σ) · f)τ + f [σ, τ ], σ, τ ∈ Γ(A), f ∈ C∞(M).
Remark 2.1. Note that the anchor map is determined by the Lie bracket. Indeed
(a(σ) · f)σ = [σ, fσ], σ ∈ Γ(A), f ∈ C∞(M).
Additionally, the anchor map intertwines the Lie brackets:
a[σ, τ ] = [a(σ),a(τ)].
Example 2.3 (The tangent bundle). The tangent bundle A = TM →M is a Lie algebroid,
where the bracket on Γ(TM) = X(M) is the Lie bracket of vector fields, and the anchor
map a : TM → TM is the identity map.
Example 2.4 (Lie algebras and action Lie algebroids). Any Lie algebra g, regarded as a
vector bundle over the point, is a Lie algebroid.
More generally, if g acts on a manifold M via the Lie algebra morphism ρ : g→ X(M),
then g×M is a Lie algebroid with bracket
(2.2) [ξ1, ξ2]g×M = [ξ1, ξ2]g + Lρ(ξ1)ξ2 − Lρ(ξ2)ξ1, ξ1, ξ1 ∈ Γ(g×M) ∼= C∞(M, g).
The anchor map a : g×M → TM is defined to extend the map ρ : g→ X(M) on constant
sections. With this structure, g ×M is called the action Lie algebroid for the action of g
on M .
Next we recall the notion of a Lie subalgebroid of a Lie algebroid, due to Higgins and
Mackenzie [26].
Definition 2.2. Let A→M be a Lie algebroid. A subbundle B ⊆ A over a submanifold
S ⊆M is called a Lie subalgebroid if for any two sections σ, τ ∈ Γ(A) satisfying σ|S , τ |S ∈
Γ(B),
[σ, τ ]|S ∈ Γ(B).
Definition 2.3. Suppose that A1 →M1 and A2 →M2 are two Lie algebroids.
• A morphism of vector bundles Φ : A1 → A2 is called a Lie algebroid morphism if
its graph gr(Φ) ⊂ A2 ×A1 is a Lie subalgebroid [26].
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• Suppose Ψ : ψ∗A2 → A1 is a base-preserving map of vector bundles, where ψ∗A2
is the pullback of A2 along a map ψ : M1 → M2. If gr(Ψ) ⊂ A2 × A1 is a Lie
subalgebroid, then the vector bundle relation gr(Ψ) : A1 99K A2 is said to be a
comorphism of Lie algebroids [27].
• More generally, a relation R : A1 99K A2 is called an LA relation if R ⊆ A2 × A1
is a Lie subalgebroid. In particular, for any σi, τi ∈ Γ(Ai) satisfying σ1 ∼R σ2 and
τ1 ∼R τ2, we have
[σ1, τ1] ∼R [σ2, τ2].
2.2.2. Courant algebroids. Dirac structures were introduced by Courant [9] as a unified
framework from which to study constrained mechanical systems. Liu-Weinstein-Xu [37]
generalized Courant’s original set-up, replacing TM with a more general notion of a
Courant algebroid E → M . We recall the basic theory, and refer the reader to [13, 51,
48, 52, 49, 54, 8] for more details.
Definition 2.4. A Courant algebroid over a manifold M is a vector bundle E → M ,
together with a bundle map a : E → TM called the anchor, a bundle metric3 〈·, ·〉, and
a bilinear bracket [[·, ·]] on its space of sections Γ(E). These are required to satisfy the
following axioms, for all sections σ1, σ2, σ3 ∈ Γ(E):
c1) [[σ1, [[σ2, σ3]]]] = [[[[σ1, σ2]], σ3]] + [[σ2, [[σ1, σ3]]]],
c2) a(σ1)〈σ2, σ3〉 = 〈[[σ1, σ2]], σ3〉+ 〈σ2, [[σ1, σ3]]〉,
c3) [[σ1, σ2]] + [[σ2, σ1]] = a
∗(d〈σ1, σ2〉).
Here a∗ : T ∗M → E∗ ∼= E is the dual map to a. The axioms c1)-c3) imply various other
properties, in particular
c4) [[σ1, fσ2]] = f [[σ1, σ2]] + a(σ1)(f)σ2,
c5) [[fσ1, σ2]] = f [[σ1, σ2]]− a(σ2)(f)σ1 + 〈σ1, σ2〉a∗(df),
c6) a([[σ1, σ2]]) = [a(σ1),a(σ2)],
for sections σi ∈ Γ(E) and functions f ∈ C∞(M). We will refer to the bracket [[·, ·]] as the
Courant bracket (some authors refer to [[·, ·]] as the Dorfman bracket (after Dorfman [13],
who introduced it) and its skew-symmetric part as the Courant bracket).
For any Courant algebroid E, we denote by E the Courant algebroid with the same
bracket and anchor, but with the bundle metric, 〈·, ·〉, negated.4
A subbundle E ⊆ E along a submanifold S ⊆M is called involutive if it has the property
σ1|S , σ2|S ∈ Γ(E)⇒ [[σ1, σ2]]|S ∈ Γ(E),
3In this paper, we take ‘metric’ to mean a non-degenerate symmetric bilinear form which is not necessarily
positive definite.
4To see that axiom c3) holds for E, it can be useful to rewrite it as
〈[[σ1, σ2]] + [[σ2, σ1]], σ3〉 = a(σ3) · 〈σ1, σ2〉,
an equation whose validity is manifestly preserved when the bundle metric is negated. Note that we abused
notation when writing the original equation, denoting the composition T ∗M a
∗−→ E∗ 〈·,·〉−−→ E simply by a∗.
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for any σ1, σ2 ∈ Γ(E). It is important to note that this does not define a bracket on sections
of E, in general.
We let L⊥ ⊆ E denote the orthogonal complement of L with respect to the fibre metric.
A subbundle L ⊂ E is called Lagrangian if L⊥ = L, and coisotropic if L⊥ ⊆ L. An
involutive Lagrangian subbundle E ⊆ E along S ⊆M is called a Dirac structure along S.
A Dirac structure, E, along S = M is simply called a Dirac structure, and the pair
(E, E) is called a Manin pair [28, 8]. In this case, the restriction of the Courant bracket
and the anchor map endows E with the structure of a Lie algebroid [9, 37]. Dirac structures
were introduced by Courant [9] and Liu-Weinstein-Xu [37]. The notion of a Dirac structure
along a submanifold goes back to Sˇevera [51] and was developed in [4, 8, 28].
Example 2.5 (The standard Courant algebroid). The standard Courant algebroid over M
is TM = TM ⊕ T ∗M with anchor map the projection to the first factor and bilinear form
〈(X,α), (Y, β)〉 = 〈β,X〉+ 〈α, Y 〉. The Courant bracket reads
(2.3) [[(X,α), (Y, β)]] = ([X,Y ],LXβ − ιY dα),
for vector fields X,Y ∈ X(M) and 1-forms α, β ∈ Ω1(M).
Both TM and T ∗M are Dirac structures in TM .
The standard Courant algebroid was introduced by Courant [9].
Example 2.6 (Poisson structures). A manifold M is called a Poisson manifold if the space
of functions C∞(M) is equipped with a Lie bracket
{·, ·} : C∞(M)× C∞(M)→ C∞(M)
satisfying the Leibniz rule,
{f, gh} = {f, g}h+ g{f, h}, f, g, h ∈ C∞(M).
Consequently, for any function f ∈ C∞(M), the operator {f, ·} : C∞(M) → C∞(M) is a
derivation, and so it defines a vector field Xf = {f, ·} on M called the Hamiltonian vector
field associated to f . By skew symmetry the Poisson bracket is also a derivation in the
first variable.
Since {f, g} depends only on the differentials df and dg, there exists a bivector field
pi ∈ X2(M) such that
(2.4) {f, g} = pi(df,dg).
We let pi] : T ∗M → TM be the associated skew-symmetric map, that is pi](df) = Xf .
Given a bivector field, pi ∈ X2(M), then the graph gr(pi]) ⊂ TM of the associated skew
symmetric map pi] : T ∗M → TM is a Dirac structure if and only if Eq. (2.4) defines a
Poisson structure [9, 11].
Example 2.7 (Exact Courant algebroids). The theory of exact Courant algebroids was
developed by Sˇevera [53]. A Courant algebroid E→M is called exact, if the sequence
0→ T ∗M a∗−→ E a−→ TM → 0
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is exact. In this case, any Lagrangian splitting s : TM → E of this sequence defines a
closed 3-form γ ∈ Ω3(M) by the formula
(2.5) γ(X,Y, Z) = 〈[[s(X), s(Y )]], s(Z)〉, X, Y, Z ∈ Γ(TM)
Additionally, the splitting defines a trivialization
(a× s∗) : E→ TM ×M T ∗M,
which intertwines the bundle metric on E with the natural pairing on TM ⊕ T ∗M .
Under this identification, the Courant bracket becomes
(2.6) [[(X,α), (Y, β)]]γ = ([X,Y ],LXβ − ιY dα+ ιXιY γ),
for vector fields X,Y ∈ X(M) and 1-forms α, β ∈ Ω1(M).
More generally, for any closed 3-form γ ∈ Ω3cl(M), we shall denote the Courant algebroid
on the pseudo-euclidean bundle TM ⊕ T ∗M equipped with bracket (2.6) by TγM . Thus
the splitting s : TM → E identifies E ∼= TγM .
Up to isomorphism, exact Courant algebroids are classified by the de Rham cohomology
class [γ] ∈ H3dR(M), often referred to as the Sˇevera class of the Courant algebroid.
Example 2.8 (Quadratic Lie algebras). A Lie algebra together with an invariant metric
is called a quadratic Lie algebra. Courant algebroids over a point correspond to quadratic
Lie algebras.
Suppose d is a quadratic Lie algebra, acting on a manifold M . Let ρ : d ×M → TM
be the action map. Let E = d ×M with anchor map a = ρ and with the bundle metric
coming from the metric on d. As shown in [34], the Lie bracket on constant sections
d ⊆ C∞(M, d) = Γ(E) extends to a Courant bracket if and only if the action has coisotropic
stabilizers, i.e. ker(ρ(·,m)) ⊆ d satisfies ker(ρ(·,m))⊥ ⊆ ker(ρ(·,m)) for any m ∈ M .
Explicitly, for σ1, σ2 ∈ Γ(E) = C∞(M, d) the Courant bracket reads (see [34, § 4])
(2.7) [[σ1, σ2]] = [σ1, σ2] + Lρ(σ1)σ2 − Lρ(σ2)σ1 + ρ∗〈dσ1, σ2〉.
Here ρ∗ : T ∗M → d ×M is the dual map to the action map, using the metric to identify
d∗ ∼= d. Note that the first three terms give the Lie algebroid bracket (2.2) for the action
Lie algebroid d×M . The correction term
(2.8) ρ∗〈dσ1, σ2〉
turns the Lie algebroid bracket into a Courant bracket. We refer to d ×M with bracket
(2.7) as an action Courant algebroid.
2.2.3. Courant Morphisms and Relations.
Definition 2.5 (Courant morphisms and relations [4]). Let E1,E2 be two Courant alge-
broids over M1 and M2, respectively. A Courant relation R : E1 99K E2 is a Dirac structure
R ⊆ E2 × E1 along a submanifold S ⊂ M2 ×M1. If S is the graph of a map M1 → M2,
then R is called a Courant morphism.
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As a consequence of the definition, if σi ∈ Γ(Ei) and τi ∈ Γ(Ei) satisfy σ1 ∼R σ2, and
τ1 ∼R τ2, then
[[σ1, τ1]] ∼R [[σ2, τ2]],
〈σ1, τ1〉 ∼R 〈σ2, τ2〉.
Example 2.9. Suppose E is a Courant algebroid over M . Then the diagonal E∆ ⊆ E×E
is a Dirac structure with support along the diagonal M∆ ⊆ M ×M . The corresponding
Courant relation,
E∆ : E 99K E
is just the identity map.
Example 2.10 (Standard lift of a relation). Let S ⊂ M be an embedded submanifold.
Then TS ⊕ ann(TS) ⊆ TM is a Dirac structure along S. Moreover, if S : M1 99KM2 is a
relation, then RS := TS ⊕ ann\(TS) ⊆ TM2 × TM1 defines a Courant relation
RS : Tγ1M1 99K Tγ2M2,
whenever (γ2 ⊕−γ1)|S = 0.
Example 2.11 ([34, Proposition 1.6] the diagonal morphism). Suppose E → M is a
Courant algebroid, then
(2.9) Rdiag : (TM,TM) 99K (E× E,E∆)
is a Morphism of Manin pairs over the diagonal embedding M →M ×M , where
(2.10) (v, µ) ∼Rdiag (x, y)⇔ v = a(x), x− y = a∗µ.
If two Courant relations R1 : E1 99K E2 and R2 : E2 99K R3 compose cleanly, then
their composition R2 ◦ R1 : E1 99K R3 is a Courant relation (see [35, Proposition 1.4]).
Furthermore:
Proposition 2.1 ([35, Proposition 1.4]). Suppose that E → M and F → N are Courant
algebroids and R : E 99K F is a Courant relation.
• If E ⊆ E is a Dirac structure which composes cleanly with R and the subbundle
F ⊆ F supported on all of N satisfies F = R ◦E, then F ⊆ F is a Dirac structure.
• If F ⊆ F is a Dirac structure which composes cleanly with R and the subbundle
E ⊆ E supported on all of M satisfies E = F ◦R, then E ⊆ E is a Dirac structure.
3. Pseudo-Dirac structures
In this section we describe our main results and examples. Proofs of the results will
be presented later, in Section 4, after describing the tangent prolongation of a Courant
algebroid [5], and the theory of double structures.
PSEUDO-DIRAC STRUCTURES 11
Definition 3.1. Suppose E→M is a vector bundle with a bundle metric 〈·, ·〉, and W ⊆ E
is a subbundle. A map ∇ : Ω0(M,W )→ Ω1(M,W ∗) satisfying
∇(fσ) = f∇σ + df ⊗ 〈σ, ·〉,(3.1a)
d〈σ, τ〉 = 〈∇σ, τ〉+ 〈σ,∇τ〉,(3.1b)
is called a pseudo-connection for W .
Given a smooth map φ : N →M , the pull-back pseudo-connection φ∗∇ for φ∗W ⊆ φ∗E
is defined by
(φ∗∇)Xφ∗σ = φ∗(∇dφ(X)σ),
where σ ∈ Γ(W ) and X ∈ TN .
Remark 3.1. When W ⊆ E is a quadratic subbundle (i.e. W⊥ ∩W = 0), then Eqs. 3.1
are just the axioms of a metric connection. When W ⊆ E is Lagrangian, then Eq. (3.1a)
implies that ∇ : Ω0(M,W ) → Ω1(M,W ∗) is tensorial, and Eq. (3.1b) implies that ∇ ∈
Ω1(M,∧2W ∗).
For a subbundle W ⊆ E of a Courant algebroid, modifying the Courant bracket using a
pseudo-connection,
(3.2) [σ, τ ] := [[σ, τ ]]− a∗〈∇σ, τ〉, σ, τ ∈ Γ(W ),
defines a Γ(E)-valued bracket on sections of W .
Using the modified bracket, we define a ‘torsion’ tensor for the pseudo-connection,
(3.3) T (σ, τ, υ) = 〈∇a(σ)τ −∇a(τ)σ − [σ, τ ], υ〉, σ, τ, υ ∈ Γ(W ).
Remark 3.2. In Section 4 we will show that the bracket (3.2) is skew symmetric (Lemma 4.3),
and that Eq. (3.3) defines a skew-symmetric tensor, i.e. T ∈ Γ(∧3W ∗) (Proposition 4.9).
Definition 3.2. Suppose E → M is a Courant algebroid. A pair, (W,∇), consisting of a
subbundle W ⊆ E together with pseudo-connection ∇ for W ⊆ E (cf. Definition 3.1) is
called a pseudo-Dirac structure in E if
• the modified bracket (3.2) takes values in Γ(W ), and
• the following expression
Ψ(σ, τ, υ) =〈[σ, τ ],∇υ〉+ 〈[υ, σ],∇τ〉+ 〈[τ, υ],∇σ〉
+ ιa(σ)d〈∇τ, υ〉+ ιa(υ)d〈∇σ, τ〉+ ιa(τ)d〈∇υ, σ〉
+ dT (σ, τ, υ),
(3.4)
for σ, τ, υ ∈ Γ(W ) vanishes.
Remark 3.3 (Ψ is a tensor). Suppose that the modified bracket (3.2) takes values in Γ(W ).
In Section 4 we shall prove that Eq. (3.4) defines a skew symmetric tensor on W (Propo-
sition 4.10). That is,
Ψ ∈ Ω1(M,∧3W ∗).
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Remark 3.4. If W ⊆ E is quadratic, then a pseudo-connection is simply a metric connection
on W . Using the identity
d〈∇τ, υ〉 = 〈Rτ, υ〉 − 〈∇τ ∧∇υ〉,
where R ∈ Ω2(M, o(W )) is the curvature tensor, one may rewrite Eq. (3.4) as
(3.5) Ψ(σ, τ, υ) = ιa(σ)〈Rτ, υ〉+ ιa(υ)〈Rσ, τ〉+ ιa(τ)〈Rυ, σ〉+ (∇T )(σ, τ, υ).
So, in this case, Ψ ∈ Ω1(M,∧3W ∗) can be expressed entirely in terms of the curvature and
torsion of the connection.
Remark 3.5. The tensor Ψ can be understood as an obstruction to the modified bracket
(3.2) satisfying the Jacobi identity. Indeed, for σ, τ, υ ∈ Γ(W ), we have
[σ, [τ, υ]] + [τ, [υ, σ]] + [υ, [σ, τ ]] = −a∗Ψ(σ, τ, υ).
The following theorem, one of our main results, will justify our interest in pseudo-Dirac
structures.
Theorem 3.1. Suppose E → M is a Courant algebroid. If (W,∇) is a pseudo-Dirac
structure for E, then
[σ, τ ] := [[σ, τ ]]− a∗〈∇σ, τ〉, σ, τ ∈ Γ(W ),
defines a Lie algebroid bracket on W .
We will prove Theorem 3.1 in Section 4, where we will also show that there is a one-to-one
correspondence between pseudo-Dirac structures in E → M and (linear) Dirac structures
in the tangent prolongation, TE→ TM , of E.
3.1. Examples.
Example 3.1. If W ⊆ E is a Dirac structure, then (W,∇ ≡ 0) is a pseudo-Dirac structure.
Example 3.2. If (W,∇) is a pseudo-Dirac structure for the Courant algebroid E, then
(W,−∇) is a pseudo-Dirac structure for E.
Example 3.3. If d is a quadratic Lie algebra, then any Lie subalgebra g ⊂ d is a pseudo-
Dirac structure.
Example 3.4 (Action Courant algebroids). Suppose d is a quadratic Lie algebra which
acts on a manifold M with coisotropic stabilizers. In this case, as explained in [34], the
bundle d×M is naturally a Courant algebroid (see Example 2.8 for details). If h ⊆ d is any
subalgebra, then (h×M,d) is a pseudo-Dirac structure in d×M , where d is the standard
connection on the trivial bundle d ×M . As a Lie algebroid, (h ×M,d) is isomorphic to
the action Lie algebroid, as can be seen by comparing (3.2) with (2.7).
The following is a special case of the last example.
PSEUDO-DIRAC STRUCTURES 13
Example 3.5 (Dirac Lie groups). Dirac Lie groups for which multiplication is a morphism
of Manin pairs were classified in [36, 35] (see also [45, 29] for a different setting). There it
was shown that the underlying Courant algebroid can be canonically trivialized as an action
Courant algebroid A = d × H (see Example 2.8), and the Dirac structure is a constant
subbundle E = g×H under this trivialization.
As such, both (d×H,d) and (g×H,d) define pseudo-Dirac structures in A. Moreover,
if r ⊂ q is the Lie subalgebra transverse to g described in [35, Section 3.2], then (r×H,d)
describes a pseudo-Dirac structure which does not correspond to any Dirac structure in A.
Example 3.6 (Cotangent Lie algebroids). Suppose that T ∗M carries the structure of a Lie
algebroid with anchor map a′ : T ∗M → TM . Then W = gr(a′) ⊂ TM is a pseudo-Dirac
structure, where the pseudo-connection is defined by Eq. (3.2). That is
〈∇σ, τ〉 = La′(σ)j(τ)− ιa′(τ)dj(σ)− j([σ, τ ]),
for σ, τ ∈ Γ(W ), where j : W → T ∗M is the inverse of (a′ ⊕ id) : T ∗M →W .
This example arises in q-Poisson geometry. Sˇevera and the author [36] showed that
given any q-Poisson (g ⊕ g¯, g∆)-structure on a manifold M (see Example 5.1 for details),
T ∗M carries the structure of a Lie algebroid. Of significance is that T ∗M cannot generally
be identified with a Dirac structure in any exact Courant algebroid, which contrasts the
case of a Poisson structure on M (cf. Example 2.6). However, both Poisson and q-Poisson
structures on M endow T ∗M with the structure of pseudo-Dirac structure, as we shall soon
explain in more detail in Example 5.1.
Example 3.7. Suppose (W,∇) is a pseudo-Dirac structure in TM and γ ∈ Ω3cl(M) is a
closed 3-form, then (W,∇′) is a pseudo-Dirac structure in TγM , where
〈∇′σ, τ〉 = 〈∇σ, τ〉+ ιa(σ)ιa(τ)γ,
and TγM is as in Example 2.7.
Example 3.8. Let g ∈ S2(TM) be a non-degenerate quadratic form, defining a pseudo-
Riemannian structure on M , and let ∇˜ be the corresponding Levi-Civita connection. Sup-
pose ω ∈ Ω2(M) is a 2-form. We will consider the subbundle
W = gr(ω[ + g[) = {(v, g(v, ·) + ιvω) | v ∈ TM} ⊆ TM.
For any closed 3-form η ∈ Ω3cl(M), We define the pseudo-connection∇η : Ω0(W )→ Ω1(W ∗)
by
∇ηZX = ∇˜ZX − (g[)−1(
1
2
ιZιXη), X, Z ∈ X(M)
where we have used the anchor map to identify W ∼= TM and the pseudo-Riemannian
structure to identify TM ∼= W ∗. (This is the unique metric connection on TM ∼= W which
has torsion T (X,Y, Z) = 2ιZιY ιXη (cf. [24, Theorem 6.26] or [23, Proposition XII]).)
We claim that (W,∇dω) is a pseudo-Dirac structure in TM . It follows from Example 3.7
that for any closed 3-form γ ∈ Ω3cl(M),
(gr(ω[ + g[),∇dω−γ)
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is a pseudo-Dirac structure in TγM .
To prove this claim first note that the pseudo-connection defined above is uniquely
determined by requiring that Γ(W ) be involutive with respect to the modified bracket
(3.2). Once one uses Remark 3.4 to express Ψ in terms of the curvature and torsion of the
connection, the fact that Ψ vanishes is equivalent to the Bianchi identity.
Remark 3.6. When g is positive definite, these structures play an important role in generalized-
Ka¨hler and bi-hermitian geometry as explained by Gualtieri [24, Theorem 6.28]: a generalized-
Ka¨hler structure on M is equivalent to a pair of almost complex structures J± : TM → TM
which are compatible with a pseudo-Dirac structure, (gr(ω[ + g[),∇dω), in the following
sense:
• g(J±·, J±·) = g(·, ·),
• dω is of type (2, 1) + (1, 2) with respect to J±, and
• ∇±dωJ± = 0.
In Section 4, we shall explain the relationship between pseudo-Dirac structures in E and
Dirac structures in TE. This will give us a more conceptual framework with which to
work with pseudo-Dirac structures. Using this framework, we will describe a number of
important examples of pseudo-Dirac structures in Section 5.
4. Relation to the tangent prolongation of the Courant algebroid
The tangent prolongation, TE → TM of a Courant algebroid E → M is an example
of a double vector bundle, a structure introduced by Pradines [46]. In the next subsec-
tion, we recall some important properties of double vector bundles, before explaining the
relationship between pseudo-Dirac structures in E and Dirac structures in TE.
4.1. Double structures. In this section, we recall the concepts of a double vector bundle
and an LA-vector bundle. We define both structures here to highlight their conceptual
similarity.
Definition 4.1. Suppose that D → A and B →M are vector bundles, and
(4.1)
D B
A M
is a morphism of vector bundles. We let gr(+D/A) ⊆ D × D × D denote the graph of
addition for D → A, as in Example 2.2.
• D is called a double vector bundle if D is a vector bundle over B and gr(+D/A) is
a vector subbundle of D3 → B3.
• D is called an LA-vector bundle if D is a Lie algebroid over B and gr(+D/A) ⊆ D3
is Lie subalgebroid.
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4.1.1. Double vector bundles. In essence, double vector bundles are vector bundles in the
category of vector bundles. They were first introduced by Pradines [46] and further studied
in [42, 32, 19].
Example 4.1. Suppose that A, B and C are all vector bundles over the manifold M .
Then A ×M B ×M C is the total space of a vector bundle over A and of a vector bundle
over B with the respective additions given by
(a, b1, c1) +D/A (a, b2, c2) = (a, b1 + b2, c1 + c2),
and
(a1, b, c1) +D/B (a2, b, c2) = (a1 + a2, b, c1 + c2),
where a, a1, a2 ∈ A, b, b1, b2 ∈ B and c, c1, c2 ∈ C all lie over the same point in M . With
these vector bundle structures,
A×M B ×M C B
A M
is a double vector bundle. All double vector bundles are (non-canonically) isomorphic to
a double vector bundle of this form.
Example 4.2 (Tangent bundle of a vector bundle). The following example, which will be
of central importance to this paper, is due to Pradines [46]. Suppose that B → M is a
vector bundle, then
(4.2)
TB B
TM M
is a double vector bundle. The graph of the addition in the vector bundle TB → TM is
obtained by applying the tangent functor
gr(+TB/TM ) = T gr(+B/M)
to the graph of the addition in the vector bundle B →M . We will revisit this example in
more detail in Examples 4.4 and 4.7 below.
Definition 4.1 shows the similarity between the notion of double vector bundles and
LA-vector bundles. Moreover, it facilitates certain calculations. However some of the
properties of double vector bundles are more readily apparent from the following standard
definition [46, 42, 43], for which the roles of the two vector bundle structures on D are
manifestly symmetric.
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Definition 4.2 ([46, 42, 43]). A double vector bundle
D B
A M
is a commutative diagram of vector bundles for which the following equations hold
(d1 +D/B d2) +D/A (d3 +D/B d4) = (d1 +D/A d3) +D/B (d2 +D/A d4),(4.3)
t ·D/A (d1 +D/B d2) = t ·D/A d1 +D/B t ·D/A d2,(4.4)
t ·D/B (d1 +D/A d3) = t ·D/B d1 +D/A t ·D/B d3,(4.5)
for any d1, d2, d3, d4 ∈ D satisfying (d1, d2) ∈ D ×B D, (d3, d4) ∈ D ×B D, and (d1, d3) ∈
D ×A D, (d2, d4) ∈ D ×A D, and any t ∈ R.
Here +D/A and +D/B denote the additive operations on D, viewed as a vector bundle
over A and B, respectively, while ·D/A and ·D/B denote the scalar multiplication operations.
The proof that these two definitions are equivalent is the content of [33, Corollary 2.5.1].
We refer to the vector bundles A→ M and B → M as the horizontal and vertical side
bundles, respectively. We let 0D/A : A → D and 0D/B : B → D denote the zero sections,
and 0˜D/M : M → D be the composition of 0D/B : B → D with the zero section M → B.
We let Dflip denote the reflection of (4.1) across the diagonal,
D A
B M
qD/A
qD/B qA/M
qB/M
which, as is apparent from Definition 4.2, is also a double vector bundle.
4.1.2. The core. Consider the submanifold C := ker(qD/A)∩ ker(qD/B). If in Eq. (4.3), we
let d1, d4 ∈ C and d2, d3 = 0˜D/M , then we get
d1 +D/A d4 =(d1 +D/B 0˜D/M ) +D/A (0˜D/M +D/B d4)
=(d1 +D/A 0˜D/M ) +D/B (0˜D/M +D/A d4)
=d1 +D/B d4.
So both +D/A and +D/B define the same additive structure on C. Similarly both ·D/A
and ·D/B restrict to the same scalar multiplication on C. Therefore, with either choice of
addition and scalar multiplication, C is a vector bundle over M , called the core of D.
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We may occasionally display the core explicitly in a double vector bundle diagram, as
follows:
D B
A M
C
Example 4.3. Suppose A,B and C are vector bundles over M . The core in the double
vector bundle
A×M B ×M C B
A M
(c.f Example 4.1) is the subbundle C ⊆ A×M B ×M C.
We let i : C → D denote the inclusion and iA : q∗A/MC → D denote the composition
A×M C D ×B D D.
0D/A × i +D/B
The exact sequence of vector bundles
(4.6)
q∗A/MC D q
∗
A/MB
A A A
iA
id id
is called the core sequence.
Among the sections of D → A, Γ(D,A), there are two subspaces of sections: the core
sections ΓC(D,A), and the linear sections Γl(D,A). For any section σ ∈ Γ(C), we let the
section σcA : A→ D be given by
A q∗A/MC D
q∗A/Mσ iA
The map σ → σcA embeds Γ(C) into Γ(D,A), as the space ΓC(D,A) of core sections.
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Meanwhile a section σ ∈ Γ(D,A) is called linear, if there is a section σ0 ∈ Γ(B) such
that the vertical map
D B
A M
σ σ0
is a morphism of vector bundles (in this case, σ0 = qD/B ◦σ◦0A/M is unique). The subspace
of linear sections is denoted by Γl(D,A) ⊂ Γ(D,A). Moreover, as explained in [22, Section
2.4] Γl(D,A) is a locally free C
∞(M) module which fits into the short exact sequence
(4.7) 0→ Γ(A∗ ⊗ C)→ Γl(D,A)→ Γ(B)→ 0.
Here the injection Γ(A∗ ⊗ C)→ Γl(D,A) maps τ ∈ Γ(A∗ ⊗ C) to the section
a→ iA(a, τ(a)), a ∈ A,
while the surjection Γl(D,A)→ Γ(B) maps σ ∈ Γl(D,A) to qD/B ◦σ ◦0A/M . In the sequel,
we will abuse notation and denote this surjection simply by
qD/B : Γl(D,A)→ Γ(B).
It is clear that there are analogous notions with the roles of A and B replaced.
Example 4.4 (Tangent bundle of a vector bundle (cont.)). Suppose that B → M is a
vector bundle, then as explained in Example 4.2,
TB B
TM M
qB/M
qTM/M
is a double vector bundle. For a point x ∈ M , the core fibre over x consists of vectors
based at x which are tangent to the fibre, q−1B/M (x), of B over x (see Fig. 1). So the core
is canonically isomorphic to B:
TB B
TM M
B
In the sequel, for σ ∈ Γ(B), we will typically denote σcTM ∈ ΓC(TB, TM) by σC to simplify
notation.
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M
B
q−1B (x)
x
ξ
X
σC(X)
σ
Figure 1. The vector ξ ∈ TxB is tangent to the fibre q−1B/M (x), and there-
fore defines a core element of TB at x ∈ M . If σ ∈ Γ(B) is such that
ξ = σ(x), then for any X ∈ TM , σC(X) = X +TB/B ξ, (here the addition
takes place in the vector space TxB).
M
B
q−1B (x)
x
σ
X
σT (X)
Figure 2. For any section σ ∈ Γ(B), the tangent lift σT ∈ Γ(TB, TM) of
σ takes X ∈ TM to dσ(X) ∈ TB.
Meanwhile, the differential dσ : TM → TB is a linear section of TB → TM canonically
associated to the section σ : M → B, which we call the tangent lift σT of σ (see Fig. 2).
The map
Γ(B)
σ→σT−−−−→ Γl(TB, TM)
defines a splitting of the exact sequence Eq. (4.7) (but not of the underlying vector bundles).
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For f ∈ C∞(M), we introduce the notation fC := q∗TM/Mf ∈ C∞(TM) and fT := df ∈
C∞(TM).5 Then we have the following rules
(f · σ)C = fC · σC ,(4.8a)
(f · σ)T = fT · σC + fC · σT .(4.8b)
Finally, we point out that if {σi} ⊂ Γ(B) is a local basis of sections of B, then {σiC , σiT } ⊂
Γ(TB, TM) is a local basis of sections of TB.
4.1.3. Duals of double vector bundles. A double vector bundle
(4.9)
D B
A M
C
is the total space for two ordinary vector bundles:
D B
D
A
and
We denote the duals of these two ordinary vector bundles by
D∗x B
D∗y
A
and
The notation ∗x and ∗y, which we have adapted from [21],6 identifies the arrow along which
we dualize with the appropriate axis:
x
y
We call D∗y the vertical dual or dual over A, and D∗x the horizontal dual or dual over B.
Pradines [47], and later Konieczna-Urban´ski [32], Mackenzie [42, 41] and Grabowski-
Rotkiewicz [19], studied the duals D∗x and D∗y , proving that they form the total space for
double vector bundles themselves.
5Here, we understand the 1-form, df ∈ Ω1(M), as defining a function on TM .
6Gracia-Saz and Mackenzie denote ∗x and ∗y by X and Y , respectively.
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Proposition 4.1 ([32, 41]).
(4.10)
D∗y C∗
A M
B∗
is a double vector bundle, where the inclusion B∗ → D∗y and the projection D∗y → C∗ are
given by dualizing the core sequence (4.6). Addition and scalar multiplication for the vector
bundle D∗y → C∗ is defined by the relations
gr(+D∗y/C∗) := ann
\(gr(+D/B)) : D
∗y ×D∗y 99K D∗y(4.11)
gr(t·D∗y/C∗) := ann\(gr(t·D/B)) : D∗y 99K D∗y , t ∈ R.(4.12)
Proof. This follows from Definition 4.1 and [35, Lemma A.2.]. 
A similar proposition holds for the dual D∗x → B.
Example 4.5 (Cotangent bundle of a vector bundle). Taking the dual of the tangent
double vector bundle (4.2) over B, and using the identification (TB)∗x ∼= T ∗B, we get the
cotangent double vector bundle
(4.13)
T ∗B B
B∗ M
T ∗M
Example 4.6. If we take the dual of the tangent double vector bundle (4.2) over TM
instead, the result is canonically isomorphic to
TB∗ B∗
TM M
B∗
That is, (TB)∗y = T (B∗).
4.1.4. Linear connections and double vector bundles. An Ehresmann connection on a fibre
bundle B
qB/M−−−→M is defined to be a subbundle K ⊆ TB such that dqB/M : K → TM is a
fibrewise isomorphism [16]. Inverting this isomorphism defines an injection λK : X(M)→
X(B), i.e. a way of lifting vector fields on M to vector fields on B. When B → M is a
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vector bundle, then K defines a linear connection precisely when K → TM is a vector
subbundle of TB → TM , i.e.
K B
TM M
TB B
TM M
⊆ B
is a double vector subbundle [32, 46]. More generally, we have
Proposition 4.2. Suppose S ⊆ M is a submanifold, W → S and C → S are vector
subbundles of B|S → S, and E → S is a vector subbundle of TM |S → S. Let
Γ˜(W ) := {σ ∈ Γ(B) such that σ|S ∈ Γ(W )}.
Then double vector subbundles
(4.14)
K W
E S
qK/W
qK/E
TB B
TM M
qTB/B
qTB/TM⊆C B
are in one-to-one correspondence with linear maps
(4.15) ∇ : Γ˜(W )→ Γ(E∗ ⊗ B|S
C
)
satisfying the Leibniz rule
(4.16) ∇fσ = f∇σ + df ⊗ σ,
for any f ∈ C∞(M).
Remark 4.1. As pointed out by a referee, when W = B, then K is a linear distribution on
B, and a similar one-to-one correspondence is described in Drummond-Jotz-Ortiz [15].
When W = B and E = TM , then K can be seen as a multiplicative distribution on
the linear groupoid B ⇒M (the vector bundle seen as a Lie groupoid). In this case, ∇ is
the Spencer operator studied by Crainic-Salazar-Struchiner [12, 50]. Jotz-Ortiz also study
such foliated groupoids in [30], where they classify them in terms of similar connection type
data.
If, additionally, C is trivial, then Proposition 4.2 reduces to the usual relationship be-
tween linear Ehresmann connections on B and covariant differential operators ∇ : Γ(B)→
Ω1(M,B).
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The proof of this proposition is essentially the same as for linear Ehresmann connections,
but we include it here for the curious reader.
Proof. Suppose first that (4.14) is a double vector bundle. The space
TB|E×SW := q−1TB/B(W ) ∩ q−1TB/TM (E)
is a double vector bundle with the same side bundles as K, but with a different core:
K W
E S
TB|E×SW W
E S
⊆C B|S
Thus the double quotient (in both the vertical and horizontal directions) of TB|E×SW by
K is canonically isomorphic to the quotient of the core bundles, B|S/C (see Appendix A
and Remark A.1 for more details). The quotient map is a morphism of double vector
bundles
(4.17)
TB|E×SW W
E S
(B|S)/C S
S S
B|S (B|S)/C
qK
canonically associated to K. In fact one may recover K as the kernel of qK . In this way,
there is a one-to-one correspondence between double vector subbundles of the form (4.14),
and morphisms of double vector bundles of the form (4.17) whose restriction to the core
(4.18) qK |(B|S) : B|S → (B|S)/C
is the canonical projection.
As explained in Example 4.4, the space Γ(TB, TM) is spanned by sections of the form
σT and τC , for σ, τ ∈ Γ(B). Similarly, Γ(TB|E×SW , E) is spanned by sections of the form
σT |E and τC |E for σ ∈ Γ˜(W ) and τ ∈ Γ(B). Now the composition of qK with any core
section τC |E is just determined by the canonical projection (4.18), and does not depend on
K. Therefore qK (and thus K) is entirely determined by the set of vector bundle maps
{qK ◦ σT |E : E → (B|S)/C for σ ∈ Γ˜(W )}.
We define
∇ : Γ˜(W )→ Γ(E∗ ⊗ B|S
C
)
by the formula
(4.19) ∇σ := qK ◦ σT |E , σ ∈ Γ˜(W ),
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and we conclude that K is entirely determined by ∇.
Note that for any f ∈ C∞(M),
∇fσ = qK
(
(fσ)T
)
= qK
(
fC σT + fT σC
)
= f∇σ + df ⊗ σ,
so ∇ satisfies the requisite Leibniz rule, Eq. (4.16).
Conversely any map (4.15) satisfying the Leibniz rule, Eq. (4.16), arises from formula
(4.19) for a unique double vector subbundle of the form (4.14), which proves the proposition.

4.1.5. LA-vector bundles. LA-vector bundles are a concept due to Mackenzie [39, 40] which
encode the notion of a vector bundle in the category of Lie algebroids, or equivalently a Lie
algebroid in the category of vector bundles. In [22] it was shown that LA-vector bundles
are the correct context from which to study 2-term representations of Lie algebroids ‘up to
homotopy’ (note that [22] also provides a very nice summary of LA-vector bundle theory).
Suppose that
(4.20)
D B
A M
qDA
is an LA-vector bundle. That is, D → A and B → M are vector bundles, (4.20) is a
morphism of vector bundles, D → B is a Lie algebroid, and gr(+D/A) ⊂ D3 is a Lie
subalgebroid.
Proposition 4.3. There is a unique Lie algebroid structure on A → M such that the
inclusion 0D/A : A → D and the projection qD/A : D → A are both morphisms of Lie
algebroids.
Proof. We let gr(−D/A) : D × D 99K D be the relation defined by (d1, d2) ∼gr(−D/A) d if
and only if d+D/A d2 = d1. Since gr(−D/A) = {(d; d1, d2) | d+D/A d2 = d1} ⊆ D ×D ×D
is obtained from gr(+D/A) by permuting factors, it is a Lie subalgebroid of D
3 → B3.
Moreover, the diagonal D∆ ⊂ D × D is Lie subalgebroid of D2 → B2. Therefore, the
composition gr(−D/A) ◦ D∆ is a Lie subalgebroid of D → B. Since 0D/A : A → D
embeds A as gr(−D/A) ◦D∆, there exists a unique Lie algebroid structure on A such that
0D/A : A→ D is a morphism of Lie algebroids.
Moreover, since diagonal embedding ∆D : D → D×D, given by d→ (d, d) is a morphism
of Lie algebroids from D → B to D2 → B2, the composition of relations gr(−D/A)◦gr(∆D) :
D 99K D is a LA-relation. However gr(−D/A) ◦ gr(∆D) = gr(0D/A ◦ qD/A), which shows
that qD/A : D → A is a morphism of Lie algebroids. 
Remark 4.2. Proposition 4.3 shows that the Lie algebroid structure on A is completely
determined by the Lie algebroid structure on D. Indeed, if σD, τD ∈ Γl(D,B) and σA, τA ∈
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Γ(A) are such that σA = qD/A(σD) and τA = qD/A(τD), then
[σA, τA] = qD/A[σD, τD].
Example 4.7 (Tangent prolongation). If B is any vector bundle then writing the struc-
tural equations for B as diagrams and applying the tangent functor we get correspond-
ing diagrams in the category of Lie algebroids. For example, applying the tangent func-
tor to the addition relation gr(+B/M ) : B × B 99K B yields addition for TB → TM ,
gr(+TB/TM ) := T gr(+B/M ) : TB ×TM TB → TB. Since T gr(+B/M ) ⊂ (TB)3 is a subal-
gebroid, it follows directly from Definition 4.1 that then the tangent double vector bundle
(4.2), TB is a LA-vector bundle.
Meanwhile, if A → M is a Lie algebroid, then the flip, (TA)flip, of the tangent double
vector bundle is naturally an LA-vector bundle, called the tangent prolongation (or tangent
lift) of A.
TA TM
A M
The Lie bracket on Γ(TA, TM) can be defined as follows. For σ, τ ∈ Γ(A) we define
[σT , τT ] = [σ, τ ]T ,(4.21a)
[σT , τC ] = [σ, τ ]C ,(4.21b)
[σC , τC ] = 0.(4.21c)
The bracket of arbitrary sections is defined by means of the Leibniz rule.
As an example, when A = g is a Lie algebra, then (TA)flip = gn g, as a Lie algebra.
4.2. The tangent prolongation of a Courant algebroid. Let E be a Courant algebroid
over M . In [5] Boumaiza and Zaalani showed that TE→ TM carries a canonical Courant
algebroid structure. In this section we recall this so-called tangent prolongation of Courant
algebroids.
Recall from Example 4.4 that any section σ ∈ Γ(E,M), defines two sections σC , σT ∈
Γ(TE, TM) called the core and tangent lift of σ, respectively. Note also that {σiC , σiT } is a
local basis for TE→ TM whenever {σi} is a local basis for E→M .
Proposition 4.4. The tangent bundle TE of a Courant algebroid E→M ,
TE E
TM M
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carries a unique Courant algebroid structure over TM such that the pairing and bracket
satisfy
〈σT , τT 〉 = 〈σ, τ〉T 〈σT , τC〉 = 〈σ, τ〉C 〈σC , τT 〉 = 〈σ, τ〉C 〈σC , τC〉 = 0(4.22a)
[[σT , τT ]] = [[σ, τ ]]T [[σT , τC ]] = [[σ, τ ]]C [[σC , τT ]] = [[σ, τ ]]C [[σC , τC ]] = 0(4.22b)
and the anchor map satisfies
a(σT ) = a(σ)T a(σC) = a(σ)C ,
for any sections σ, τ ∈ Γ(E,M).
Proof. The fact that TE → TM is a Courant algebroid follows from [33, Proposition
A.0.3]. 
Remark 4.3. One may define the pairing and anchor map without reference to core and
tangent lift sections. If
E
M
TM
M
a
is the anchor map for E→M , the anchor map for TE→ TM is obtained by applying the
tangent functor,
TE E
TM M
T 2M TM
TM M
aTE
ada
Meanwhile, as reviewed in Example 4.6, (TE)∗y ∼= T (E∗). The fibre metric on E defines
an isomorphism Q〈·,·〉 : E→ E∗, which lifts to an isomorphism of double vector bundles
dQ〈·,·〉 : TE→ T (E∗) ∼= (TE)∗y
via the tangent functor. This latter isomorphism defines the metric on the fibres of TE→
TM .
Example 4.8 (Quadratic Lie algebra). Suppose that E = d is a quadratic Lie algebra.
Then TE = Td := dn d, where the bracket and pairing are given by
[(ξ, ξ′), (η, η′)]dnd = ([ξ, η]d, [ξ, η′]d + [ξ′, η]d)
〈(ξ, ξ′), (η, η′)〉dnd = 〈ξ, η′〉d + 〈ξ′, η〉d
for ξ, ξ′, η, η′ ∈ d.
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Example 4.9 (Action Courant algebroids). Suppose that the quadratic Lie algebra d acts
on M with coisotropic stabilizers, and E = d ×M is the corresponding action Courant
algebroid [34]. The natural action of the Lie algebra Td from Example 4.8 on TM has
coisotropic stabilizers, so Td × TM carries the structure of an action Courant algebroid.
Moreover, the canonical identification
TE ∼= Td× TM
as double vector bundles is an isomorphism of Courant algebroids.
Example 4.10 (Exact Courant algebroids). The tangent lift αT ∈ Ωk(TM) of a k-form
α ∈ Ωk(M) is defined as follows [20, 6, 56]: Let τ : Ωk(M)→ Ωk−1(TM) be defined by
τ(α)X = q
∗
TM/M ιXα, X ∈ TM,
where qTM/M : TM →M is the bundle projection. Then
(4.23) αT = d(τ(α)) + τ(dα).
Note that when α ∈ Ω0(M) or α ∈ Ω1(M) this definition agrees with the ‘tangent lift’
construction for a function or section described in Example 4.4.
For any vector field X ∈ X(M), we have
ιXC (αC) = q
∗
TM/M ιXα, ιXT (αT ) = (ιXα)T .
Suppose that E → M is an exact Courant algebroid, and s : TM → E an isotropic
splitting, defining an isomorphism E ∼= TγM of Courant algebroids, where γ ∈ Ω3cl(M) is
given by Eq. (2.5). Since the anchor map for TE is surjective, a dimension count shows
that TE is an exact Courant algebroid, while Eq. (4.22a) shows that map Ts : TTM → TE
defines a isotropic splitting.
For X,Y ∈ X(M), the calculation
[[Ts(XT ), T s(YT )]] = [[s(X)T , s(Y )T ]]
= [[s(X), s(Y )]]T
= (s[X,Y ] + a∗ιXιY γ)T
= Ts([X,Y ]T ) + a
∗ιXT ιYT γT
shows that the associated Sˇevera 3-form is γT ∈ Ω3(TM). Thus there is a canonical
identification
TTγM ∼= TγT TM.
Since the 3-form, γ ∈ Ω3cl(M) was assumed to be closed, Eq. (4.23) shows that γT = d(τ(γ))
is exact. Thus, all the Courant algebroids TTγM are canonically isomorphic to TTM .
28 DAVID LI-BLAND
4.2.1. VB-Dirac structures in TE.
Definition 4.3. Suppose that E→M is a Courant algebroid and
L W
E S
TE E
TM M
⊆
is a double vector subbundle. If L ⊂ TE is also a Dirac structure with support on E,
we call it a VB-Dirac structure with support on E. When E = TM , we simply call it a
VB-Dirac structure.
We automatically have at least one VB-Dirac structure:
Proposition 4.5. Consider the tangent prolongation
TE E
TM M
qTE/E
of a Courant algebroid E→ M . Then TEC := ker(qTE/E) is a VB-Dirac structure. More-
over, for any σ ∈ Γl(TE, TM) and τ ∈ Γl(TEC , TM), we have
(4.24) [[σ, τ ]] ∈ Γl(TEC , TM).
Proof. Since TEC ⊆ TE is spanned by the core sections, the fact that it is a Dirac structure
follows immediately from Eq. (4.22b).
Given σ ∈ Γl(TE, TM) and τ ∈ Γl(TEC , TM), choose a decomposition
τ =
∑
i
fiτi,
where each fi is a linear function on TM and each τi ∈ ΓC(TE, TM) is a core section.
Then
[[σ, τ ]] =
∑
i
(
fi[[σ, τi]] + (a(σ)fi)τi
)
.
Since τi is a core section, the second term on the right hand side certainly lies in Γl(TEC , TM).
Moreover, since Eq. (4.22b) implies that [[σ, τi]] is a core section, we also have fi[[σ, τi]] ∈
Γl(TEC , TM).

As a corollary of the above, we get a formula for the bracket of two linear sections which
we will find useful later:
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Corollary 4.1. Suppose σ˜, τ˜ ∈ Γl(TE, TM). Since
Γ(E) σ→σT−−−−→ Γl(TE, TM)
splits the exact sequence (4.7),
0→ Γ(T ∗M ⊗ E) i−→ Γl(TE, TM)
qTE/E−−−→ Γ(E)→ 0,
there exist unique sections σ′, τ ′ ∈ Γ(T ∗M ⊗ E) such that
σ˜ = iσ′ + σT , τ˜ = iτ ′ + τT ,
where σ = qTE/E(σ˜) ∈ Γ(E) and τ = qTE/E(τ˜) ∈ Γ(E).
We have
(4.25) qTE/E
(
[[σ˜, τ˜ ]]
)
= [[σ, τ ]] + a∗〈σ′, τ〉.
Proof. Note that the image of the injection i : Γ(T ∗M ⊗ E) → Γl(TE, TM) is precisely,
Γl(TEC , TM). Therefore, for any υ ∈ Γ(E),
〈qTE/E
(
[[σ˜, τ˜ ]]
)
, υ〉C = 〈[[σ˜, τ˜ ]], υC〉
= 〈[[iσ′ + σT , iτ ′ + τT ]], υC〉
= 〈[[σ, τ ]]T + a∗d〈iσ′, τT 〉 − [[τT , iσ′]] + [[σT , iτ ′]] + [[iσ′, iτ ′]], υC〉
= 〈[[σ, τ ]], υ〉C + a(υ)C〈iσ′, τT 〉
The last line follows from Proposition 4.5. To simplify the final expression, note that
a(υ)C ∈ X(TM) is just the vectical vector field corresponding to translation by the section
a(υ) ∈ Γ(TM). Since 〈iσ′, τT 〉 ∈ C∞(M) is a linear function, it follows that
a(υ)C〈iσ′, τT 〉 = 〈〈σ′, τ〉,a(υ)〉,
(where we interpret the right hand side, 〈〈σ′, τ〉,a(υ)〉 ∈ Γ(T ∗M) as a linear function on
TM). This concludes the proof. 
Example 4.11 ([10] Tangent Lift of a Dirac structure (with support)). Suppose thatR ⊆ E
is a Dirac structure with support on a submanifold S ⊂ M , then it follows immediately
from Eqs. (4.22a) and (4.22b) that TR ⊆ TE is a VB-Dirac structure with support on
TS ⊆ TM . This was already observed by Courant in [10] (in the case where S = M).
Proposition 4.6. Suppose that
L W
E M
TE E
TM M
⊆
is a VB-Dirac structure. Then Lflip is an LA-vector bundle. In particular, L → E and
W →M are Lie algebroids, and L→W is a Lie algebroid morphism.
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Proof. By Proposition 4.4,
gr(+TE/E) : TE× TE 99K TE
is a Courant morphism. It follows that
gr(+L/W ) = gr(+TE/E) ∩ L3 : L× L→ L
is an involutive subbundle of L, and hence a Lie algebroid relation. Hence Lflip is an
LA-vector subbundle. 
4.2.2. VB-Dirac structures and pseudo-connections.
Lemma 4.1. Suppose that
L W
E S
TE E
TM M
⊆
is a Lagrangian double vector subbundle. Then the core of L is W⊥ ⊆ E.
Proof. For simplicity, we prove this for the case that E = TM . To prove the more general
case, one merely replaces TE by TE|E in what follows.
Let CL denote the core of L. Dualizing the inclusion
L W
TM M
TE E
TM M
⊆CL E
we get the projection
L∗y C∗L
TM M
TE E
TM M
W ∗E
whose kernel is L. Restricting to the cores yields the map E → W ∗, whose kernel is W⊥,
the core of L. 
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Lemma 4.2. Suppose that
L W
E S
TE E
TM M
qTE/E
⊆W⊥ E
is a double vector subbundle. Consider the double quotient Eq. (4.17) described in Propo-
sition 4.2,
(4.26)
TE|E×SW W
E S
W ∗ S
S S
E|S W ∗
qL
The following are equivalent:
(1) L ⊆ TE is Lagrangian.
(2) For any σ, τ ∈ Γ(TE|E×SW , E), we have
(4.27) 〈σ, τ〉 = 〈qL(σ), qTE/E(τ)〉+ 〈qTE/E(σ), qL(τ)〉,
where the right hand side denotes the natural pairing between W and W ∗.
(3) For any
σ, τ ∈ Γ˜(W ) := {σ ∈ Γ(E) such that σ|S ∈ Γ(W )},
we have
(4.28) 〈σ, τ〉T |E = 〈qL(σT ), τ〉|E + 〈σ, qL(τT )〉|E ,
where the right hand side denotes the natural pairing between W and W ∗.
Proof.
1⇒ 2: Suppose σ, τ ∈ Γ(TE|E×SW , E) and choose σL, τL ∈ Γ(L,E) so that
qTE/E ◦ σL = qTE/E ◦ σ, qTE/E ◦ τL = qTE/E ◦ τ.
Exactness of the core sequence (4.6) for TE,
(4.29)
q∗TM/ME TE q
∗
TM/ME
i qTE/E
implies that there exists sections σ′, τ ′ ∈ Γ(q∗E/SE, E) such that
σ − σL = i ◦ σ′, τ − τL = i ◦ τ ′.
32 DAVID LI-BLAND
As explained in Remark 4.3 the metric on TE defines an isomorphism of double
vector bundles
TE ∼= (TE)∗y .
Since the core sequence for (TE)∗y is dual to (4.29), we have
〈i ◦ σ′, τL〉 = 〈σ′, qTE/EτL〉 = 〈q˜ ◦ σ′, qTE/Eτ〉,
where q˜ : E|S → E|S/W⊥ ∼= W ∗ is the natural projection, and the right hand
side denotes the natural pairing between W and W ∗. However (as required by it’s
definition) the restriction of qL to the core is q˜, i.e. q˜ = qL ◦ i. Thus
〈i ◦ σ′, τL〉 = 〈qL ◦ i ◦ σ′, qTE/Eτ〉 = 〈qL ◦ (σ − σL), qTE/Eτ〉 = 〈qL ◦ σ, qTE/Eτ〉,
and similarly with the roles of σ and τ replaced. Therefore
〈σ, τ〉 = 〈σL + (σ − σL), τL + (τ − τL)〉
= 〈σL, τL〉+ 〈σL, i ◦ τ ′〉+ 〈i ◦ σ′, τL〉
= 〈σL, τL〉+ 〈qTE/E(σ), qL(τ)〉+ 〈qL(σ), qTE/E(τ)〉.
Thus Eq. (4.27) holds whenever L is Lagrangian.
2⇒ 3: Combining Eqs. (4.22a) and (4.27) yields Eq. (4.28).
3⇒ 1: Note that the rank of L → E is the sum of the ranks of its core and side
bundles, i.e.
rank(L→ E) = rank(W → S) + rank(W⊥ → S) = 1
2
rank(TE→ TM).
So L is Lagrangian if and only if it is isotropic.
Suppose σL, τL ∈ Γl(L,E), and let σ, τ ∈ Γ˜(W ) be chosen so that
σ|S = qTE/E(σL), τ |S = qTE/E(τL).
Exactness of the core sequence (4.29) implies that there exists sections σ′, τ ′ ∈
Γl(q
∗
E/SE, E) such that
σL − σT = i ◦ σ′, τL − τT = i ◦ τ ′.
Thus, as above,
〈i ◦ σ′, τT 〉|E = 〈σ′, qTE/E ◦ τT 〉|E = 〈qL(σL − σT ), τ〉|E = −〈qL ◦ σT , τ〉|E ,
and similarly with the roles of σ and τ replaced. Therefore
〈σL, τL〉|E = 〈σT + (σL − σT ), τ˜T + (τL − τT )〉|E
= 〈σ˜T , τ˜T 〉|E + 〈σT , i ◦ τ ′〉|E + 〈i ◦ σ′, τT 〉|E
= 〈σ˜, τ˜〉T |E − 〈σ, qL(τT )〉|E − 〈qL(σT ), τ〉|E
= 0
which shows that L is isotropic.

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Proposition 4.7. Suppose that E is a Courant algebroid, S ⊆M is a submanifold, W → S
is a vector subbundle of E|S → S, and E → S is a vector subbundle of TM |S → S. Let
Γ˜(W ) := {σ ∈ Γ(E) such that σ|S ∈ Γ(W )}.
The correspondence described in Proposition 4.2 restricts to a one-to-one correspondence
between Lagrangian double vector subbundles
(4.30)
L W
E S
TE E
TM M
qTE/E
⊆W⊥ E
and linear maps
(4.31) ∇ : Γ˜(W )→ Γ(E∗ ⊗W ∗)
satisfying the Leibniz rule
(4.32) ∇fσ = f∇σ + df ⊗ 〈σ, ·〉,
for any f ∈ C∞(M), σ ∈ Γ˜(W ), and the metric compatibility condition
(4.33) d〈σ, τ〉|E = 〈∇σ, τ〉+ 〈σ,∇τ〉,
for any σ, τ ∈ Γ˜(W ).
Proof. Since Eq. (4.19) states that ∇σ = qL ◦ σT , Eq. (4.28) is the same equation as
Eq. (4.33). Therefore Lemma 4.2 shows that under the correspondence described in Propo-
sition 4.2, Lagrangian double vector subbundles of the form (4.30) correspond to linear
maps (4.31) satisfying Eq. (4.33).

Proposition 4.6 shows that if L ⊆ TE is a VB-Dirac structure, then the side bundle
W carries a Lie algebroid structure. The following proposition describes the Lie algebroid
bracket on W in terms of the Courant bracket on E and the pseudo-connection
∇ : Γ(W )→ Γ(T ∗M ⊗W ∗)
described in Proposition 4.7.
Proposition 4.8. Suppose that
L W
TM M
TE E
TM M
qE/V
⊆
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is a VB-Dirac structure, and let
∇ : Γ(W )→ Γ(T ∗M ⊗W ∗)
be the pseudo-connection (4.31) described in Proposition 4.7. Suppose that σ, τ ∈ Γ(W )
are two sections. Then
(4.34) [σ, τ ] = [[σ, τ ]]− a∗〈∇σ, τ〉,
where the left hand side denotes the Lie algebroid bracket on W described in Proposition 4.6.
Proof. Choose σ˜, τ˜ ∈ Γl(L, TM) to be qL/W -related to σ and τ , respectively. That is,
qTE/E(σ˜) = σ, qTE/E(τ˜) = τ.
By definition of the Lie algebroid structure on W , we have
(4.35a) [σ, τ ] = qTE/E
(
[[σ˜, τ˜ ]]
)
.
But Corollary 4.1 implies that
(4.35b) qTE/E
(
[[σ˜, τ˜ ]]
)
= [[σ, τ ]] + a∗〈σ′, τ〉.
Now, by definition ∇σ = qL(σT ), where
qL : TE|W → TE|W /L ∼= W ∗
is the double quotient map (4.26). Since σ˜ ∈ Γ(L, TM), it follows that
∇σ = qL(σT ) = qL(σT − σ˜) = −qLσ′.
Since the restriction of qL to the core, E is just the canonical projection E→ E/W⊥, and
τ ∈ Γ(W ), we get
(4.35c) 〈σ′, τ〉 = −〈∇σ, τ〉.
Combining Eqs. (4.35a) to (4.35c) yields Eq. (4.34).

4.3. Pseudo-Dirac structures and the tangent prolongation. In this section, we
show that there is a one-to-one correspondence between VB-Dirac structures in TE and
pseudo-Dirac structures in E. In particular, we will prove the main result of this paper,
that
Theorem 4.1. Suppose E→M is a Courant algebroid.
• If (W,∇) is a pseudo-Dirac structure for E, then
[σ, τ ] := [[σ, τ ]]− a∗〈∇σ, τ〉, σ, τ ∈ Γ(W ),
defines a Lie algebroid bracket on W .
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• The correspondence described in Proposition 4.7 between Lagrangian double vector
subbundles
(4.36)
L W
TM M
qL/W
TE E
TM M
⊆
and subbundles W ⊆ E carrying a pseudo-connection
∇ : Ω0(W )→ Ω1(W ∗)
restricts to a one-to-one correspondence between VB-Dirac structures of the form
(4.36) and pseudo-Dirac structures (W,∇) in E. Under this correspondence, the
map qL/W : L→W is a Lie algebroid morphism.
Before proving this theorem, we will first prove some preliminary results.
Lemma 4.3. Suppose that E → M is a Courant algebroid and ∇ is a pseudo-connection
for the subbundle W ⊆ E. Then the modified bracket (3.2) is skew symmetric.
Proof. Axioms (c3) for the Courant bracket (see Definition 2.4) implies that, for any σ, τ ∈
Γ(W ), we have
[σ, τ ] + [τ, σ] = [[σ, τ ]] + [[τ, σ]]− a∗〈∇σ, τ〉 − a∗〈∇τ, σ〉
= a∗d〈σ, τ〉 − a∗〈∇σ, τ〉 − a∗〈∇τ, σ〉
= 0.
Here the final equality follows from Eq. (3.1b). 
Proposition 4.9. Equation (3.3), which we restate here,
T (σ, τ, υ) = 〈∇a(σ)τ −∇a(τ)σ − [σ, τ ], υ〉, σ, τ, υ ∈ Γ(W ),
defines a skew symmetric tensor. That is, T ∈ Γ(∧3W ∗).
Proof. First we show that T is cyclic in its arguments. Combining Eqs. (3.2) and (3.3)
yields
T (σ, τ, υ) = 〈∇a(σ)τ −∇a(τ)σ − [σ, τ ], υ〉
= 〈∇a(σ)τ −∇a(τ)σ − [[σ, τ ]] + a∗〈∇σ, τ〉, υ〉
= 〈∇a(σ)τ −∇a(τ)σ + a∗〈∇σ, τ〉, υ〉 − a(σ)〈τ, υ〉+ 〈τ, [[σ, υ]]〉,
where we used axiom (c2) for the Courant bracket in the last line. Hence
T (σ, τ, υ) = 〈∇a(σ)τ −∇a(τ)σ, υ〉+ 〈∇a(υ)σ, τ〉 − a(σ)〈τ, υ〉+ 〈τ, [[σ, υ]]〉
= 〈∇a(σ)τ −∇a(τ)σ, υ〉+ 〈∇a(υ)σ, τ〉 − 〈∇a(σ)τ, υ〉 − 〈τ,∇a(σ)υ〉+ 〈τ, [[σ, υ]]〉
= 〈∇a(υ)σ −∇a(σ)υ + [[σ, υ]], τ〉 − 〈∇a(τ)σ, υ〉,
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where we used Eq. (3.1b) in the second line. Finally, using Eq. (3.2) again, we get
T (σ, τ, υ) = 〈∇a(υ)σ −∇a(σ)υ + [σ, υ], τ〉
= 〈∇a(υ)σ −∇a(σ)υ − [υ, σ], τ〉
= T (υ, σ, τ),
where we used Lemma 4.3 to obtain the second equality.
Lemma 4.3 implies that T is skew symmetric in the first two arguments, and since it is
also cyclic, it must be totally skew symmetric. Moreover, it is manifestly tensorial in the
last argument, and hence tensorial in all its arguments. 
Lemma 4.4. Suppose that E→M is a Courant algebroid and ∇ is a pseudo-connection for
the subbundle W ⊆ E. Let L ⊆ TE be the Lagrangian double vector subbundle corresponding
to (W,∇) via Proposition 4.7. Let LC = TEC ∩ L, where TEC is the vertical subbundle of
TE→ TM , as defined in Proposition 4.5. The modified bracket (3.2) takes values in Γ(W )
if and only if
[[Γl(L, TM),Γl(LC , TM)]] ⊆ Γl(LC , TM).
Proof. Let σ, τ ∈ Γ(W ), and suppose σ˜, τ˜ ∈ Γl(L, TM) are qL/W -related to σ and τ ,
respectively. That is
qTE/E(σ˜) = σ, qTE/E(τ˜) = τ.
Then Corollary 4.1 and Eqs. 4.35 imply that
qTE/E([[σ˜, τ˜ ]]) = [σ, τ ],
where the bracket on the right hand side is the modified bracket (3.2).
The short exact sequence (4.7) defines an isomorphism Γ(T ∗M ⊗W⊥) ∼= Γl(LC , TM).
Thus [σ, τ ] ∈ Γ(W ) if and only if for any υ ∈ Γ(T ∗M ⊗W⊥) ∼= Γl(LC , TM), we have
〈[σ, τ ], υ〉 = 〈[[σ˜, τ˜ ]], υ〉 = 0,
where the first equality follows from Eq. (4.22a). But Axiom (c2) for the Courant algebroid
implies
〈[[σ˜, τ˜ ]], υ〉 = 〈τ˜ , [[σ˜, υ]]〉.
The right hand side vanishes for arbitrary σ˜, τ˜ ∈ Γl(L, TM) and υ ∈ Γl(LC , TM) if and
only if
[[Γl(L, TM),Γl(LC , TM)]] ⊆ Γl(L, TM).
However, Eq. (4.24) implies that the left hand side necessarily lies in Γl(TEC , TM). There-
fore, we conclude that
[[Γl(L, TM),Γl(LC , TM)]] ⊆ Γl(LC , TM)
if and only if
[Γ(W ),Γ(W )] ⊆ Γ(W ).

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Proposition 4.10. Suppose that ∇ is a pseudo-connection for the subbundle W ⊆ E, and
that the modified bracket (3.2) takes values in Γ(W ). Let L ⊆ TE be the Lagrangian double
vector subbundle corresponding to (W,∇) via Proposition 4.7.
• The following expression:
Ψ(σ, τ, υ) =〈[σ, τ ],∇υ〉+ 〈[υ, σ],∇τ〉+ 〈[τ, υ],∇σ〉
+ ιa(σ)d〈∇τ, υ〉+ ιa(υ)d〈∇σ, τ〉+ ιa(τ)d〈∇υ, σ〉
+ dT (σ, τ, υ),
for σ, τ, υ ∈ Γ(W ), defines a skew symmetric tensor on W . That is,
Ψ ∈ Ω1(M,∧3W ∗).
• L is a Dirac structure if and only if Ψ = 0.
Proof. Let LC = TEC ∩ L, where TEC is the vertical subbundle of TE→ TM , as defined
in Proposition 4.5. Then Lemma 4.4 implies that
(4.37a) [[Γl(L, TM),Γl(LC , TM)]] ⊆ Γl(LC , TM).
Since L is Lagrangian, we also have
(4.37b) [[Γl(LC , TM),Γl(L, TM)]] ⊆ Γl(LC , TM).
Now,
(4.37c) qL
(
Γl(LC , TM)
)
= 0,
where
qL : TE|W → TE|W /L ∼= W ∗
is the double quotient map (4.26) defined Proposition 4.2.
Combining Eqs. (4.37a) to (4.37c) we see that for σ˜, τ˜ ∈ Γl(L, TM), the expression
qL[[σ˜, τ˜ ]] only depends on qL/W ◦ σ˜ and qL/W ◦ τ˜ . Consequently, if σ˜, τ˜ , υ˜ ∈ Γl(L, TM) are
qL/W related to σ, τ, υ ∈ Γ(W ), the expression
(4.38) − 〈[[σ˜, τ˜ ]], υ˜〉 ∈ Γl(TM × R, TM) ∼= Ω1(M)
only depends on σ, τ, υ ∈ Γ(W ). Hence (4.38) defines a tensor Ψ ∈ Ω1(M,∧3W ∗) measuring
the involutivity of L, which we shall now calculate directly.
To simplify notation, we let σ′ = σ˜ − σT , τ ′ = τ˜ − τT and υ′ = υ˜ − υT , and remark that
σ′, τ ′, υ′ ∈ Γl(TEC , TM). Since qL(σ˜) = qL(τ˜) = qL(υ˜) = 0, Eq. (4.19) implies that
qL(σ
′) = −∇(σ), qL(τ ′) = −∇(τ), qL(υ′) = −∇(υ).(4.39)
Plugging the last of these into Ψ and simplifying, we get
−Ψ(σ, τ, υ) =〈[[σ˜, τ˜ ]], υ′ + υT 〉
=− 〈[σ, τ ],∇υ〉+ 〈[[σ, τ ]]T + [[σT , τ ′]] + [[σ′, τT ]] + [[σ′, τ ′]], υT 〉
=− 〈[σ, τ ],∇υ〉+ 〈[[σ, τ ]]T , υT 〉 − 〈[[σ, υ]]T , τ ′〉+ 〈[[τ, υ]]T , σ′〉
+ a(σT )〈τ ′, υT 〉 − a(τT )〈σ′, υT 〉+ a(υT )〈σ′, τT 〉+ 〈[[σ′, τ ′]], υT 〉.(4.40)
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To obtain the last line we rearranged terms using axioms (c2) and (c3) for a Courant
algebroid (see Definition 2.4). Using (c2) and (c3) again, we notice that
〈[[σ′, τ ′]], υT 〉 = 〈a∗d〈τ ′, υT 〉, σ′〉 − 〈a∗d〈σ′, υT 〉, τ ′〉+ 〈τ ′, [[υT , σ′]]〉,
and the third term vanishes since [[υT , σ
′]] ∈ Γ(TEC , TM). Next, using Eqs. (4.27) and (4.39)
notice that 〈σ′, υT 〉 = −〈∇σ, υ〉 and hence a∗d〈σ′, υT 〉 = −a∗〈∇σ, υ〉T . Substituting the
corresponding expressions for various permutations of σ, τ and υ into Eq. (4.40), we get
−Ψ(σ, τ, υ) =− 〈[σ, τ ],∇υ〉+ 〈[[σ, τ ]]T , υT 〉 − 〈[[σ, υ]]T , τ ′〉+ 〈[[τ, υ]]T , σ′〉
− a(σT )〈∇τ, υ〉+ a(τT )〈∇σ, υ〉 − a(υT )〈∇σ, τ〉
− 〈a∗〈∇τ, υ〉T , σ′〉+ 〈a∗〈∇σ, υ〉T , τ ′〉.
Using the definition (3.2) of the bracket, we get
−Ψ(σ, τ, υ) =− (〈[σ, τ ],∇υ〉+ 〈[υ, σ],∇τ〉+ 〈[τ, υ],∇σ〉)
+ d〈[σ, τ ], υ〉+ d〈∇a(υ)σ, τ〉
− a(σT )〈∇τ, υ〉+ a(τT )〈∇σ, υ〉 − a(υT )〈∇σ, τ〉.(4.41)
Now a(σT )〈∇τ, υ〉 = La(σ)〈∇τ, υ〉 = d〈∇a(σ)τ, υ〉 + ιa(σ)d〈∇τ, υ〉. Substituting the cor-
responding expression for various permutations of σ, τ and υ into Eq. (4.41), we get
Ψ(σ, τ, υ) =〈[σ, τ ],∇υ〉+ 〈[υ, σ],∇τ〉+ 〈[τ, υ],∇σ〉
+ ιa(σ)d〈∇τ, υ〉+ ιa(υ)d〈∇σ, τ〉+ ιa(τ)d〈∇υ, σ〉
+ dT (σ, τ, υ),
(4.42)

Proof of Theorem 4.1. Propositions 4.7 and 4.10 establish a one-to-one correspondence be-
tween VB-Dirac structures of the form (4.36), and pseudo-Dirac structures (W,∇) in E.
Meanwhile Proposition 4.8 states that the Lie bracket on Γ(W ) is given by the formula
[σ, τ ] := [[σ, τ ]]− a∗〈∇σ, τ〉, σ, τ ∈ Γ(W ).

Remark 4.4. Suppose A is a Lie algebroid (with bracket [·, ·] and anchor a), 〈·, ·〉 is a metric
on the fibres of A, and ∇ is a metric connection on A. Then
[[σ, τ ]] := [σ, τ ] + a∗〈∇σ, τ〉, σ, τ ∈ Γ(A),
defines a Courant bracket on A if and only if
• a ◦ a∗ = 0 (A acts with coisotropic stabilizers),
• the ‘torsion’ tensor (3.3) is skew symmetric, and
• a∗Ψ = 0, (where Ψ is defined in terms of the curvature and torsion by Eq. (3.5)).
Indeed axiom (c3) for a Courant bracket (see Definition 2.4) holds since ∇ is a metric
connection, axiom (c2) holds if and only if the ‘torsion’ tensor is skew symmetric, and
axiom (c1) holds if and only if a ◦ a∗ = 0 and a∗Ψ = 0.
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It is perhaps more natural to require that Ψ = 0, in which case (A,∇) is embedded as
a pseudo-Dirac structure in the corresponding Courant algebroid.
Proposition 4.11. Suppose that (W,∇) is a pseudo-Dirac structure in the Courant alge-
broid E. If σ, τ ∈ Γ(W ) satisfy ∇σ = ∇τ = 0 then
• ∇[[σ, τ ]] = 0, and
• [[σ, τ ]] = [σ, τ ].
That is, the ‘flat’ sections of W form a Lie algebra with respect to the Courant bracket.
Proof. First, if ∇σ = 0, then [σ, τ ] := [[σ, τ ]]− a∗〈∇σ, τ〉 = [[σ, τ ]].
Next, let L ⊂ TE be the VB-Dirac structure corresponding to (W,∇). By Eq. (4.19),
we see that ∇σ = 0 if and only if σT ∈ Γ(L, TM). Therefore, σT , τT ∈ Γ(L, TM), and thus
[[σT , τT ]] = [[σ, τ ]]T ∈ Γ(L, TM). In turn, this shows that ∇[[σ, τ ]] = 0. 
5. Forward and backward images of pseudo-Dirac structures
The properties of Dirac structures which allow you to compose them with Courant
relations (defined below) extend to pseudo-Dirac structures, as we shall explain in this
section. Indeed, morally, any procedure for Dirac structures carries over to the more
general pseudo-Dirac structures, since the latter are in fact just Dirac structures in the
tangent prolongation of the Courant algebroid. Special cases of composing with Courant
relations include forward and backward Dirac maps, or restricting a Dirac structure to a
submanifold.
5.0.1. Composition of Courant relations with pseudo-Dirac structures. Suppose that (W,∇)
is a pseudo-Dirac structure in the Courant algebroid E, and R : E 99K F is a Courant rela-
tion with support on S : M 99K N . Let L ⊂ TE be the VB-Dirac structure corresponding
to (W,∇) (c.f. Theorem 4.1). From Example 4.11 we see that TR : TE 99K TF is a Courant
relation with support on TS : TM 99K TN .
Definition 5.1. We say that R : E 99K F composes cleanly with the pseudo-Dirac structure
(W,∇) if TR : TE 99K TF composes cleanly with L.
Assume that the composition TR ◦ L is clean, and equal to a subbundle L′ ⊆ TF
supported on all of TN . Then the Proposition above shows that L′ is a VB-Dirac structure,
which in turn corresponds to a pseudo-Dirac structure (W ′,∇′) in F (c.f. Theorem 4.1).
In this case, we write
(W ′,∇′) = R ◦ (W,∇),
and call it the forward image along R : E 99K F.
Conversely, suppose we instead start with a pseudo-Dirac structure (W ′,∇′) in E corre-
sponding to a VB-Dirac structure L′ ⊆ TF (c.f. Theorem 4.1).
Definition 5.2. We say that R : E 99K F composes cleanly with the pseudo-Dirac structure
(W ′,∇′) if TR : TE 99K TF composes cleanly with L′.
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Assume that the composition L′ ◦ TR is clean, and equal to a subbundle L ⊆ TE
supported on all of TM . Then the Proposition above shows that L is a VB-Dirac structure,
which in turn corresponds to a pseudo-Dirac structure (W,∇) in E (c.f. Theorem 4.1). In
this case, we write
(W,∇) = (W ′,∇′) ◦R,
and call it the backward image along R : E 99K F.
The following proposition describes a useful equation satisfied by the pseudo-connections
associated to forward and backward images of a pseudo-Dirac structure along a Courant
relation.
Proposition 5.1. Suppose (W,∇) and (W ′,∇′) are pseudo-Dirac structures in the Courant
algebroids E → M and F → N , respectively. Let L ⊆ TE and L′ ⊆ TF be the respective
VB-Dirac structures corresponding to (W,∇) and (W ′,∇′) (c.f. Theorem 4.1). Suppose
R : E 99K F is a Courant relation over S : M 99K N, and that the intersection
(L′ × L) ∩ TR
is clean. Then for any section (σ′, σ) ∈ Γ(W ′ ×W ) satisfying
(σ′, σ)|S ∈ Γ
(
(W ′ ×W ) ∩R),
and any element (
X; (λ′, λ)
) ∈ TS ×M ((W ′ ×W ) ∩R),
the following equation holds:
(5.1) 〈(p∗M∇′)Xσ′, λ′〉 = 〈(p∗N∇)Xσ, λ〉.
Here p∗N∇ and p∗M∇′ are the pull-backs of the respective pseudo-connections along the
natural projections pN : N ×M → N and pM : N ×M →M (c.f. Definition 3.1).
Proof. Let
qL′×L : T (F× E)|W ′×W → (W ′ ×W )∗
be the double quotient map Eq. (4.26) corresponding to the Lagrangian double vector
subbundle L′ × L ⊆ T (F × E). Now the VB-Dirac structure L′ × L corresponds to the
pseudo-Dirac structure
(
W ′ ×W, (−∇′)⊕∇) (c.f. Theorem 4.1 and Example 3.2). Thus,
by Eq. (4.19), for any section (σ′, σ) ∈ Γ(W ′ ×W ) and any X ∈ T (N ×M), we have
(5.2) qL′×L(σ′T , σT )|X =
(
(−∇′)⊕∇)
X
(σ′, σ) =
(− (p∗N∇′)Xσ′, (p∗M∇)Xσ).
Next, by the clean intersection assumption,(
L′ × L) ∩ TR (W ′ ×W ) ∩R
TS S
is a double vector subbundle of T (F× E). Thus for any(
X; (λ′, λ)
) ∈ TS ×M ((W ′ ×W ) ∩R),
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there exists a pair (λ˜′, λ˜) ∈ (L′ ×L)∩ TR which is simultaneously mapped to both X and
(λ′, λ) by the respective bundle maps, as pictured in the following diagram:
(λ˜′, λ˜) (λ′, λ)
X
∈
(
L′ × L) ∩ TR (W ′ ×W ) ∩R
TS S
Additionally, for any (σ′, σ) ∈ Γ(W ′ ×W ) satisfying (σ′, σ)|S ∈ Γ
(
(W ′ ×W ) ∩R),
(σ′T , σT )|TS ∈ Γ(TR, TS).
Consequently, since TR is Lagrangian,
(5.3) 〈(σ′T , σT ), (λ˜′, λ˜)〉 = 0.
Since (λ˜′, λ˜) ∈ (L′ × L), we have qL′×L(λ˜′, λ˜) = 0. Hence, Eqs. (4.27) and (5.3) imply
that
〈qL′×L(σ′T , σT ), (λ′, λ)〉 = 0.
Combining this equality with Eq. (5.2) yields
〈(− (p∗N∇′)Xσ′, (p∗M∇)Xσ), (λ′, λ)〉 = 0,
which proves the proposition. 
Now we specialize to the case where R : E 99K F is a Courant morphism supported on
the graph of a map φ : M → N . Suppose that (W ′,∇′) is a pseudo-Dirac structure in F
which composes cleanly with R : E 99K F, and ran(R) + φ∗W ′⊥ = φ∗F.
Since (W ′,∇′) composes cleanly with R, the intersection φ∗W ′ ∩ ran(R) ⊆ φ∗F is a
smooth subbundle. Since R is supported on the graph of a map φ : M → N , the subbundle
W := W ′ ◦R ⊆ E
is well defined with support on all of M .
Lemma 5.1. There is a bundle map Ψ : W → φ∗W ′, uniquely determined by the equation
(Ψ(λ), λ) ∈ R(φ(x),x),
for every λ ∈Wx.
Moreover, Eq. (5.1) specializes to
∇ = Ψ∗ ◦ (φ∗∇′) ◦Ψ.
Proof. The proof of the first claim is entirely analogous to that of [7, Lemma 7.2] for Dirac
realizations. Consider the relation R′ : W 99KW ′, supported on the graph of φ : M → N ,
defined by
R′ := R ∩ (φ∗W ′ ×W ).
We will show that R′ is the graph of a bundle map Ψ : W → φ∗W ′, i.e. the natural
projection R′ →W is an isomorphism.
42 DAVID LI-BLAND
First, we establish surjectivity: let λ ∈ Wx. Since W := W ′ ◦ R, there exists some
λ′ ∈W ′φ(x) such that the pair (λ′, λ) ∈ R(φ(x),x).
Next we establish injectivity. Suppose there exists λ′′ ∈W ′φ(x) such that the pair (λ′′, λ) ∈
R(φ(x),x). Then (λ
′′ − λ′, 0) ∈ R ∩ (φ∗W ′ × 0). However,(
R ∩ (φ∗W ′ × 0))⊥ = (ran(R) + φ∗W ′⊥)× E = F× E.
Hence R ∩ (φ∗W ′ × 0) = 0 and λ′′ = λ′.
The second claim is an immediate consequence of the first claim. 
Let L ⊆ TE and L′ ⊆ TF be the VB-Dirac structures corresponding to the pseudo-Dirac
structures (W,∇) and (W ′,∇′). As an intersection of involutive subbundles, it is clear that
TR ∩ (L′ × L) = gr(TΨ)
is a Lie subalgebroid of L′×L. In particular, the intersection gr(Ψ) = gr(TΨ)∩ (W ′×W )
is a Lie subalgebroid of W ′ ×W . Thus we have shown:
Corollary 5.1.
Ψ : W →W ′
is a morphism of Lie algebroids.
5.1. Further Examples.
Example 5.1 (q-Poisson structures and Cotangent Lie algebroids). Suppose that d is a
quadratic Lie algebra, g ⊂ d is a Lagrangian Lie subalgebra, and
(5.4) R : (TM,TM) 99K (d, g)
is a morphism of Manin pairs [8]. That is,
m1) TM ∩ ker(R) = 0,
m2) R ◦ TM ⊆ g.
Axioms (m1) and (m2) imply that for any ξ ∈ g, there is a unique vector field ρ(ξ) ∈ X(M)
such that
(ρ(ξ), 0) ∼R ξ, ξ ∈ g.
Moreover, as explained in [8], ρ : g×M → TM defines an action of g on M .
It was shown in [8, § 3.2] that once a Lagrangian complement p ⊂ d to g has been chosen,
the morphism of Manin pairs (5.4) defines a q-Poisson structure on M in the sense of [2],
for the Manin quasi-triple (d, g, p). Moreover, [55, Proposition 6.1] shows that whenever p
is a Lagrangian subalgebra, p ◦ R ⊆ TM is a Dirac structure (in fact it is the graph of a
Poisson structure on M , cf. Example 2.6). Using pseudo-Dirac geometry, we can generalize
this fact by relaxing the requirement that p be Lagrangian:
If h ⊂ d is any subalgebra transverse to g, then ran(R) + h⊥ = d, so F = h ◦R ⊆ TM is
a subbundle transverse to TM . Moreover, Lemma 5.1 shows that (F,∇) is a pseudo-Dirac
structure, where
(5.5) ∇σ = ρdρ∗σ, σ ∈ Γ(F ),
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and we have used the metric to identify h ∼= g∗. Thus, any choice of Lie subalgebra h ⊂ d
transverse to g endows T ∗M ∼= F with the structure of a Lie algebroid so that both
ρ∗ : T ∗M → h,
ρ : g×M → TM
are morphisms of Lie algebroids.
Note that in the special case where k is a quadratic Lie algebra, d = k⊕ k, g = k∆ is the
diagonal subalgebra, and h = 0⊕ k, this result was already proven in [36, Theorem 1].
Example 5.2 (pseudo-Dirac structure on the moduli-space of flat connections). Suppose
that k is a quadratic Lie algebra, and Σ is a oriented surface with boundary, with one
marked point on each boundary component.
Σ =
Let MΣ,k denote the space of flat k connections on Σ modulo gauge transformations
which act as the identity at the marked points. Then, as explained in [3, 8], there is a
morphism of Manin pairs
R : (TMΣ,k, TMΣ,k) 99K (k⊕ k, k∆).
Let K be the simply-connected Lie group corresponding to k. If Σ has n boundary com-
ponents labelled by i = 1, . . . , n, then we have a ‘moment map’
Φ :MΣ,k → Kn,
whose ith component is the holonomy of a given connection around the ith boundary [3].
Thus, as explained in Example 5.1, the subbundle
WΣ,k := (0⊕ k) ◦R ⊆ TMΣ,k
is a pseudo-Dirac structure, with pseudo-connection given by Eq. (5.5), where
ρ : k×MΣ,k → TMΣ,k
is the residual action of the gauge group at the marked points.
The theory of Section 5 shows that one can restrict this pseudo-Dirac structure to
submanifolds N ⊆MΣ,k. Indeed,
(WΣ,k,∇) ◦Rgr(φ)
is a pseudo-Dirac structure in TN , where
Rgr(φ) : TN 99K TMΣ,k
is the Courant morphism described in Example 2.10 and φ : N →MΣ,k is the embedding.
Suppose for example we wish to study the moduli space MΣ′,k, where Σ′ is the surface
constructed from Σ by sewing the ith boundary component along the jth (in an orientation
preserving way). Let
N = Φ−1Kn∆ij ,
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where
Kn∆i,j := {(k1, · · · , kn) ∈ Kn | ki = k−1j }.
That is, N is the subspace ofM, determined by requiring that the holonomy around the ith
and jth boundary components coincide up to inversion. Acting diagonally by the residual
gauge group at the ith and jth marked points gives a surjective submersion q : N →MΣ′,k.
What is interesting is that one may show the two pseudo-Dirac structures are related by
(5.6) (WΣ′,k,∇) = (WΣ,k,∇) ◦Rgr(φ) ◦R>gr(q).
Moreover,
(WΣ,k ◦Rφ) ∩ TN
is precisely the tangent space to the fibres of the submersion q : N →MΣ′,k.
One may interpret Eq. (5.6) as saying that the pseudo-Dirac structure on MΣ′,k is the
reduction of the pseudo-Dirac structure on MΣ,k at moment level Kn∆ij .
Generalizing this, suppose S ⊆ Kn is a submanifold. Let N = Φ−1(S), the map φ :
N →M denote the inclusion, and
F = (WΣ,k ◦Rφ) ∩ TN .
Let Q denote the leaf space of F , and q : N → Q the quotient map. Then (assuming
everything exists and is smooth etc.) we define
(WΣ,k,∇) ◦Rgr(φ) ◦R>gr(q)
to be the reduction of the pseudo-Dirac structure on MΣ,k at moment level S ⊆ Kn.
One may construct interesting moduli spaces by choosing different moment levels. For
instance, one may require that the holonomy around the ith boundary component lie in a
specific conjugacy class Ci ⊆ K, i.e. S = C1 × · · · × Cn. Then the reduction at moment
level S is the symplectic structure on the moduli space of flat k connections on Σ whose
holonomies around the various boundary components lie in the specified conjugacy classes
[3].
We will generalize this example, and explain it in greater detail in a future paper.
Example 5.3 (Transverse pseudo-Dirac structures). Suppose that E → M is a Courant
algebroid and (E,∇E) and (F,∇F ) are two complementary pseudo-Dirac structures in E
(that is, E = E ⊕ F as a vector bundle). Then (E ⊕ F,∇E ⊕ (−∇F )) is a pseudo-Dirac
structure in E× E transverse to the diagonal E∆. It follows that the Courant morphism
Rdiag : TM 99K E× E
described in Example 2.11 composes cleanly with (E ⊕ F,∇E ⊕ (−∇F )). Therefore,
(W,∇) := (E ⊕ F,∇E ⊕ (−∇F )) ◦Rdiag
is a pseudo-Dirac structure in TM .
Suppose µ ∈ T ∗M , if
a∗µ = x− y, x ∈ E, y ∈ F,
PSEUDO-DIRAC STRUCTURES 45
then x is the image of µ under the map
(5.7) T ∗M a
∗−→ E→ E/F ∼= E.
Since
E = E ⊕ F ⇔ E = E⊥ ⊕ F⊥,
we have E∗ ∼= F⊥ and F ∗ ∼= E⊥. In particular, E ∼= E/F ∼= (F⊥)∗. Therefore, the
composition Eq. (5.7) is dual to the map a|F⊥ : F⊥ → TM . Thus,
a(x) = a|E ◦ a|∗F⊥(µ).
Comparison with Eq. (2.10) shows that(
a|E ◦ a|∗F⊥(µ), µ
) ∼Rdiag (x, y),
where x = a|∗
F⊥(µ) ∈ E and y = a|∗E⊥(µ) ∈ F .
It follows that
W = gr
(
(a|E) ◦ (a|F⊥)∗ : T ∗M → TM
)
.
Or,
W = {(a(ei)〈a(ei), µ〉, µ) | µ ∈ T ∗M},
where {ei} is a local basis of sections for E and {ei} is a local basis for F⊥ in duality.
We may compute the pseudo-connection ∇ in terms of ∇E and ∇F using Lemma 5.1.
In this context, the bundle map Ψ : W → E ×M F is simply
Ψ : µ→ (a|∗F⊥µ,a|∗E⊥µ), µ ∈ T ∗M
where we have used the identifications W ∼= T ∗M , E ∼= (F⊥)∗ and F ∼= (E⊥)∗. Thus
Lemma 5.1 implies that for any section α ∈ Γ(T ∗M) ∼= Γ(W ), and X ∈ X(M),
∇Xα = aF⊥
(∇EX(a|∗F⊥α))+ aE⊥(∇FX(a|∗E⊥α)).
Moreover, Corollary 5.1 implies that
Ψ : W → E × F
is a morphism of Lie algebroids over the diagonal embedding M →M ×M . In particular,
the leaves of W must lie in the intersections between the leaves of E with the leaves of F .
Example 5.4 (Decompositions of action Courant algebroids). Suppose a quadratic Lie
algebra, d, acts on M with coisotropic stablizers, so that
E := d×M
is an action Courant algebroid [34]. Suppose we have a vector space decomposition d = e⊕f,
where e, f ⊆ d are subalgebras. Note that we do not assume that e, f ⊆ d are either ideals
or Lagrangian subalgebras. In the literature, one says that e and f form a matched pair,
and d = e ./ f is the double.
Example 3.4 shows that (E,d) and (F,d) are complementary pseudo-Dirac structures
in E, where
E := e×M, F := f×M,
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and d is the standard flat connection on these trivial bundles.
Let ρ : d×M → TM be the action map. Using the identification e∗ ∼= f⊥, let {ei} and
{ei} be bases for e and f⊥ in duality. Similarly, using the identification f∗ ∼= e⊥, let {fi}
and {f i} be bases for f and e⊥ in duality. Let
e˜i :=
∑
j
ej〈ej , ei〉
denote the image of ei ∈ e under the projection of e to f⊥ along e⊥. Similarly, let
f˜i :=
∑
j
f j〈fj , fi〉
denote the image of fi ∈ f under the projection of f to e⊥ along f⊥. Then Example 5.3
shows that the subbundle
W :=
{(∑
i
ρ(ei)µ(ρ(e
i)), µ
) | µ ∈ T ∗M} ⊆ TM
together with the pseudo-connection
∇α =
∑
i
ρ(e˜i)dιρ(ei)α+
∑
i
ρ(f˜i)dιρ(f i)α α ∈ Ω1(M),
defines a pseudo-Dirac structure in TM (we have implicitly used the canonical identification
W ∼= T ∗M is the formula above). In particular, this endows T ∗M ∼= W with a Lie-algebroid
structure.
Moreover, Corollary 5.1 implies that the map
Ψ : T ∗M → (e×M)× (f×M)
given by
Ψ : µ→ (ρ|∗f⊥µ, ρ|∗e⊥µ)
is a morphism of Lie algebroids over the diagonal embedding M →M ×M .
When e = e⊥ and f = f⊥, e˜i = 0 and f˜i = 0, so ∇ = 0. Therefore W ⊂ TM is just
a Dirac structure. In fact it is the graph of the Poisson structure constructed by Lu and
Yakimov for the action of the Manin triple (d, e, f) on M [38, 34].
When one takes e = 0 and f = d,
W = {(0, µ) | µ ∈ T ∗M}.
This shows that T ∗M is a bundle of Lie algebras, and ρ∗ : T ∗mM → d is a morphism of Lie
algebras for every m ∈M - a result first proven in [36].
Example 5.5 (pseudo-Dirac structures on the variety of Lagrangian subalgebras). Let
d be a quadratic Lie algebra. In [17, 18] it was shown any vector space decomposition
d = e ⊕ f where e, f ⊆ d are Lagrangian subalgebras induces a Poisson structure on the
variety
Ld := {l ⊆ d | l is a Lagrangian subalgebra},
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of Lagrangian subalgebras of d. A more general result is possible using pseudo-Dirac
geometry:
Since the stabilizers of the natural d action on Ld are coisotropic,
E := d× Ld
is an action Courant algebroid [34]. Therefore Example 5.4 shows that any vector space
decomposition d = e⊕ f, where e, f ⊆ d are subalgebras, endows T ∗Ld with the structure of
a Lie algebroid. (For example, one can always take e = 0, f = d). In the special case where
e and f are both Lagrangian, this is the Lie algebroid structure on T ∗M arising from Lu
and Evens’ Poisson structure.
Example 5.6 (pseudo-Dirac Lie groups). Suppose that d is a quadratic Lie algebra, and
g, h ⊆ d are two subalgebras such that d = g ⊕ h. Let G and D be the simply connected
Lie groups integrating g and d respectively, and
φ : G→ D
the immersion of Lie groups integrating the inclusion g ⊆ d.
The quadratic Lie algebra d⊕ d acts on D via the map
ρ : (ξ, η)→ −ξR + ηL,
where ξR, ξL ∈ X(D) are the right/left invariant vector fields with value ξ ∈ d at the
identity. This action has coisotropic stabilizers, and hence
(d⊕ d)×D
is an action Courant algebroid [34, Example 4.2]. Meanwhile Example 3.4 shows that(
(h⊕ h)×D,d)
is a pseudo-Dirac structure, where d is the standard flat connection on the trivial bundle
(h⊕ h)×D.
As shown in [1], there is a canonical isomorphism
(d⊕ d)×D ∼= TηD,
where η = 112〈[θL, θL], θL〉 ∈ Ω3cl(D) is the Cartan 3-form (here θL ∈ Ω1(D, d) is the left
invariant Maurer-Cartan form). Recall the Courant morphism
Rgr(φ) : Tφ∗ηG 99K TηD
described in Example 2.10. The theory of Section 5 shows that
(W,∇) := ((h⊕ h)×D,d) ◦Rgr(φ)
is a pseudo Dirac structure in Tφ∗ηG.
In conclusion, we have constructed a pseudo-Dirac structure (W,∇) in Tφ∗ηG, corre-
sponding to the matched pair d = g ./ h of Lie algebras and the invariant quadratic form
on d.
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When (d, g, h) is a Manin triple, φ∗η = 0, ∇ = 0, and W = gr(pi]) is the graph of the
Poisson structure pi ∈ X2(G), which Drinfel’d associates to the Lie bialgebra g, g∗ ∼= h [14]
(our construction of this Poisson structure is identical to the one found in [34]).
When only h ⊆ d is Lagrangian then the pseudo-connection ∇ is still trivial, and W ⊆
Tφ∗ηG coincides with the Dirac Lie group structure described in [35, 36] corresponding to
the Dirac Manin triple (d, h; g)〈·,·〉.
Appendix A. Total kernels and quotients of double vector bundles
Suppose that the map
(A.1)
D B
A M
Q M
M M
id
id
q
C Q
is a morphism of double vector bundles such that the restriction of q to the core C of D is
a surjection. Since Q has a common zero section over both side bundles, it makes sense to
define the total kernel
ker(q) := {x ∈ D | q(x) = 0},
a double vector subbundle of D.
On the other hand, suppose we have a double vector subbundle of D,
(A.2)
D′ B
A M
D B
A M
⊆C ′ C
containing both side bundles A and B.
Note that the abelian groupoid C acts on D, via the formula
(A.3) d+ c := (d+D/A 0D/A) +D/B (c+D/A 0D/B) = (d+D/B 0D/B) +D/A (c+D/B 0D/A).
for any (d, c) ∈ D ×M C. Consequently, we have a well defined map q : D → C/C ′, given
by the condition
(A.4) q(d) = −c˜⇔ d+ c ∈ D′,
where c ∈ C is any lift of c˜ ∈ C/C ′. The map q : D → C/C ′ is called the total quotient of
D by D′.
It is clear that these two constructions invert each other, yielding the following proposi-
tion.
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Proposition A.1. The operations of taking the total kernel or the total quotient define
a one-to-one correspondence between surjective morphisms of double vector bundles of the
form (A.1) and inclusions of the form (A.2).
Remark A.1. Alternatively, one may understand the map q : D → C/C ′ as taking the
double quotient (in both the vertical and horizontal directions) of the double vector bundle
D by D′. Indeed, one should interpret the right hand side of Eq. (A.4) as saying that d
and −c differ by an element of D′, and hence project to the same element, −c˜, under the
double quotient.
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